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Abstract. We present a universal construction of almost duality for Frobenius man- 
ifolds. The analytic setup of this construction is described in details for the case of 
semisimple Frobenius manifolds. We illustrate the general considerations by exam- 
ples from the singularity theory, mirror symmetry, the theory of Coxeter groups and 
Shephard groups, from the Seiberg - Witten duality. 

I. Introduction 

The beauty of the theory of Frobenius manifold is not only in multiple connections 
of it with other branches of mathematics, such as quantum cohomology, singularity 
theory, the theory of integrable systems. Even more amazing is that, some properties 
discovered in the study of particular classes of Frobenius manifolds often turn out to 
become universal structures of the theory thus proving to be important also for other 
classes of Frobenius manifolds. 

In this paper we describe one of these universal structures. We call it almost duality; 
it associates to a given Frobenius manifold a somewhat different creature we called al- 
most Frobenius manifold. Its crucial part is still in the WDVV associativity equations; 
however the properties of the unity and Euler vector fields are to be modified. 

For the Frobenius structures on the base of universal unfoldings of isolated hyper- 
surface singularities the duality is based on the wellknown correspondence between 
complex oscillatory integrals and periods of closed forms over vanishing cycles. For 
quantum cohomologies the duality seems to be closely related to the mirror construc- 
tion; at least this is the case in simple examples. In the setting of the theory of 
integrable systems the duality generalizes the property of the classical Miura transfor- 
mation between KdV and modified KdV equations. 

The paper is organized as follows. In Sectional we recall necessary information from 
the general theory of Frobenius manifolds. In |3] we introduce the almost duality and 
prove the Reconstruction Theorem that inverts the duality. The main results of Section 
IU are devoted to the analytic properties of the so-called deformed flat coordinates 
on the almost dual to a semisimple Frobenius manifold describing them in terms of 
the monodromy data of the latter. Finally in Section we consider examples and 
applications of almost duality. 

Acknowledgments This work was partially supported by Italian Ministry of Edu- 
cation, Universities and Researches grant Cofin2001 "Geometry of Integrable Systems". 
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2. A BRIEF INTRODUCTION INTO FROBENIUS MANIFOLDS 

In this section we will collect necessary definitions and geometric constructions of 
the theory of Frobenius manifolds. We will closely follow [T2*l HI] . 

2.1. Deformed flat connection, deformed flat coordinates, and spectrum of 
a Frobenius manifold. A Frobenius algebra is a pair (A, < , >) where A is a com- 
mutative associative algebra with a unity over a field k (we will consider only the cases 
k — R, C) and < , > is a fc-bilinear symmetric nondegenerate invariant form on A, 
i.e., 

< x ■ y,z >=< x,y ■ z > 
for arbitrary vectors x, y, z in A. 

Definition 1. Frobenius structure of the charge d on the manifold M is a structure 
of a Frobenius algebra on the tangent spaces T t M = (A t , < , >*) depending (smoothly, 
analytically etc.) on the point t G M. It must satisfy the following axioms. 

FM1. The metric < , > t on M is flat (but not necessarily positive definite). Denote 
V the Levi-Civita connection for the metric. The unity vector field e must be flat, 

(2.1) Ve = 0. 

FM2. Let c be the 3-tensor c(x,y,z) :=< x ■ y, z >, x, y, z G T t M. The 4-tensor 
(V w c)(x, y, z) must be symmetric in x, y, z, w G T t M. 

FM3. A linear vector field E G Vect(Af) must be fixed on M, i.e. WE = 0, such 
that 

[E, x ■ y] - [E, x] ■ y - x ■ [E, y] = x ■ y 
E < x, y > - < [E , x], y > - < x, [E , y] >= (2 - d) < x, y > . 

The last condition means that the derivations QFunc(M) '■= E, Qvect(M) '■= id + ad^ 
define on the space Vect(M) of vector fields on M a structure of graded Frobenius 
algebra over the graded ring of functions Func(M) (see details in |14j). 

Flatness of the metric < , > implies local existence of a system of flat coordinates 
t 1 , . . . , t n on M. We will denote r) a p the constant Gram matrix of the metric in these 
coordinates 

d d \ 



Va(3: W'c^/- 
The inverse matrix rj 01 ^ defines the inner product on the cotangent planes 

< dt°, dt P >= T] a(3 . 

The flat coordinates will be chosen in such a way that the unity e of the Frobenius 
algebra coincides with d/dt 1 

d_ 

In these flat coordinates on M the structure constants of the Frobenius algebra A t = 
T t M 

3d 
( 2 - 2 ) di^'dt? = C ^ {t) dV 
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can be locally represented by third derivatives of a function F(t), 

c< a) - rr d3F(t) 

also satisfying 

d 3 F(t) 

(2 ' 3) WdPdtfi = Vap - 

The function F(t) is called potential of the Frobenius manifold. It is defined up to 
adding of an at most quadratic polynomial in t 1 , . . . , t n . It satisfies the following 
system of WDVV associativity equations 

(2 A) &F(t) AM d*F(t) &F(t) AM d 3 F(t) 

1 ' ' dt a dt?dt x 1 dt»dvdt s dt s dt^dt x 1 dt»dvdt a 

for arbitrary 1 < a, f3, 7, 5 < n. 

The vector field E is called Euler vector field. In the flat coordinates it must have 
the form 

e = ( a y + b a ) A 

V ft ) Q t a 

for some constants a^, b a satisying 

a a x = 6?, b 1 = 0. 

The potential F(t) is a quasihomogeneous function in the following sense 

(2.5) E F = (3 — d)F + ^A a/3 t a t p + B a t a + C 

where A a p, B a , C are some constants and d is the charge of the Frobenius manifold. 

One of the main geometrical structures of the theory of Frobenius manifolds is the 
deformed flat connection. This is a symmetric afline connection V on M x C* defined 
by the following formulae 

(2.6) V x y = V x y + zx-y, x,yeTM, zeC* 

Vjty = d z y + E-y- -Vy 

dz z 

(2.7) v ;c i_ = v A i_ = o 

dz d * dz 

where 

(2.8) V := ^ - WE 

is an antisymmetric operator on the tangent bundle TM w.r.t. < , >, 

<Vx,y >= — < x, Vy > . 

Observe that the unity vector field e is an eigenvector of this operator with the eigen- 
value 

Ve = 4. 

Vanishing of the curvature of the connection V is essentially equivalent to the axioms 
of Frobenius manifold. 
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Definition 2. A function / = f(t; z) denned on an open subset inMxC* is called 
V-flat if 

(2.9) Vdf = 0. 
Introducing the row vector £ = . . . , £ n ) where 

we represent the equations for V-flatness in the form 

(2.10) d a Z = z£C a (t) 

V 



(2.11) d z i = i \ U(t)- _ 

Here we introduce the matrix U(t) of multiplication by the Euler vector field 

(2.12) U${t) := E\t)c%{t) 
and the matrix C a (t) of multiplication by d a := d/dt a 
(2-13) (C a (t))P := «£,(«). 

The same system can be rewritten for the column vector y — (y 1 , . . . , y n ) T , 

y a = t^e 

in the form 

(2.14) d a y = zC a (t)y 

(2.15) d z y = (lA(t) + ^) y. 

Because of vanishing of the torsion and curvature of the connection V there locally 
exist, on M x C* n independent flat functions i 1 ^; 2), t n (t;z). They are called 
deformed flat coordinates on a Frobenius manifold. The analytic properties of deformed 
flat coordinates as multivalued functions of z G C* can be used for describing moduli 
of semisimple Frobenius manifolds (see the next Section). Here we briefly describe 
the behaviour near the regular singularity z = of a particular basis of deformed flat 
coordinates (see details in [T%|)- 

To fix a system of the deformed flat coordinates we are to choose a basis in the space 
of solutions to the system (|2.14j) . (|2.15|) . Such a basis corresponds to a choice of a 
representative in the equivalence class of normal forms of the system ()2.15|) near z = 
(see details in |Hj). The parameters of such a normal form are called spectrum of the 
Frobenius manifold. Let us first recall the description of the parameters. 

Definition 3. The spectrum of a Frobenius manifold is a quadruple (V, < , >, fi, R) 
where V is a n-dimensional linear space over C equipped with a symmetric non- 
degenerate bilinear form < , >, semisimple antisymmetric linear operator fx : V — > V, 
< fia,b > + < a, fib >= and a nilpotent linear operator R : V — > V satisfying the 
following properties. First, 

(2.16) R* = -e ni ^Re- wtfl 
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Observe the following consequence of (j2.16|) 

(2.17) Re 2nifl = e 2nifl R. 

In particular, R leaves invariant the eigensubspaces of the operator e 2lTl ^. It does not 
leave invariant the eigensubspaces of the operator fi. However, 

(2.18) RVpC 

The crucial condition in the definition of the spectrum is that, the operator R must 
also be jl-nilpotent, i.e., in the decomposition ()2.18|) only nonnegative integers m are 
present. We define the components of the operator R 

R = Ro + i?i + i?2 + • • • 

(2.19) RmVf, C Vp+m, for any fi G Spec /I 

By the construction the operator R satisfies 

(2.20) z^Rz'^ = R + Riz + R 2 z 2 + .... 
Observe also the following useful identity 

(2.21) [jl,R k ] = kR k , k = 0,1, — 

Any polynomial of the matrices R k can be uniquely decomposed as follows 

(2.22) P(R , R 1 ,...) = [P(Ro, R x ,... )]„ + [P(Ro, Ri, . . . )]i + . . . 

(2.23) z*[P(Ro, Ri,... )] m z~» = z m [P(R , R lf . . . )] m . 

The last restriction for the spectrum is that, the eigenvector e G V of /2 must satisfy 

#0 6 = 0. 

We will now explain how to associate a 5-tuple (V, < , >,(i,R,e) to a Frobenius 
manifold. The linear space V with a symmetric nondegenerate bilinear form < , > 
and a vector e G V have already been constructed above. Denote /t : V — > V the 
semisimple part of the operator V, i.e., 

(2.24) /} := QfteSpecV^Pn 

where P^ : V — > is the projector of V onto the root subspace of V 

V = QpeSpecvV,*, := Ker (V - fi ■ l) n , 

Pn(Vn>) = for fj, 7^ fi 1 , Pfilv,* = idv M - Clearly the operator /t is antisymmetric, fi* = — //. 
Denote i? the nilpotent part of V 

V = // + to- 
other operators R±, R2, ■ ■ ■ are not determined by V only. They appear only in presence 
of resonances, i.e., pairs of eigenvalues \i, pi of V such that \i — p! G Z >0 (see details in 

EH)- 

Let us choose a basis e\, . . . , e n in V such that e\ = e. The matrices of the linear 
operators fi and R we will denote by the same symbols. 
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Theorem 2.1. For a sufficiently small ball B e M there exists a fundamental matrix 
of solutions to the system \2.14\j , \2.1di) of the form 

(2.25) y{t; z) = 6(t; z)z fl z R = ^ Q p {t)z p+ »z R 

p>0 

such that the matrix valued function 0(t; z) : V — > V is analytic on B x C satisfying 

(2.26) 6(t;0) = l 



(2.27) Q*{t;-z)G(t;z) = 1. 

By the construction the columns of the fundamental matrix F(£; z) are gradients of 
a certain system of deformed flat coordinates 

(2.28) (t(t; z),..., t(t; z)) = {9 1 {t; z),..., 9 n (t; z))z»z R 
where 

oo 

(2.29) 6 a (t; z)=J2 Ocwiv)*?, « = 1, . . . , n. 

p=0 

Definition 4. We will call ()2.28J) Levelt system of deformed flat coordinates on M 
at z = 0. 

The ambiguity in the choice of the Levelt basis of deformed flat coordinates is de- 
scribed in |14j . 

2.2. Canonical coordinates on semisimple Frobenius manifolds. Definition 5. 

The Frobenius manifold M is called semisimple if the family of n-dimensional algebras 
()2.2|) is semisimple for any t = (t 1 , . . . , t n ) G M ss for an open dense subset M ss C M. 

In this Section we summarize, following ^0J a very efficient technique of working 
with semisimple Frobenius manifolds based on introduction of canonical coordinates. 

Let M be a semisimple Frobenius manifold. Denote M s s C M the open dense subset 
in M consisting of all points t e M s.t. the operator W(t) of multiplication by the Euler 
vector field 

U(t) =E{t)- : T t M — >■ T t M 
has simple spectrum. (Actually, the subset M ss C M could be slightly smaller than 
the set of all points of semisimplicity of the algebra (|2.2|) . It can be shown however 
that, for an analytic Frobenius manifold this is still an open dense subset.) Denote 
u\(t), . . . , u n {t) the eigenvalues of this operator, t e M ss . 

Theorem 2.2. The mapping 

M ss -> (C n \ U i<3 -(u i = itj) ) t ^ ( Ul (t), . . . , Un (t)) 

is an unramified covering. Therefore one can use the eigenvalues as local coordinates 
on M ss . In these coordinates the multiplication table of the algebra \2.2\) becomes 

d d „ d 
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3d, 
— — =0, z^j. 



The basic idempotents d/dui are pairwise orthogonal 

' d_ _d_ 
diii' duj 

Observe that we violate the indices convention labelling the canonical coordinates 
by subscripts. We will never use summation over repeated indices when working in the 
canonical coordinates. 

Choosing locally branches of the square roots 

(2.31) ipn(u) := a/< d/dui,d/dui >, i = l,...,n 

we obtain a transition matrix \l/ = (ipi a (u)) from the basis d/dt a to the orthonormal 
basis 

(2.32) /, = A, h = •..,/,. = 
of the normalized idempotents 

(2 33) 9 _ <A ^(m) g 

1 ' J dt a ^ ^il{u)dUi' 

i=i v ' 

Equivalently, the Jacobi matrix has the form 

(2.34) ^ = ^. 
The matrix ty(u) satisfies orthogonality condition 

(2.35) **(«)*(«) = 1, := r?- 1 *^, i, = (^), ^ := /A JL^ . 

In this formula \1/ T stands for the transposed matrix. The lengths ()2.3H) coincide with 
the first column of this matrix. So, the metric < , > in the canonical coordinates reads 



(2.36) < , >=Y J ^i{n)d 



ul 



i=l 



The inverse Jacobi matrix can be computed using ()2.35jl . This gives 

dt 

(2.37) — - = Vii^ia, t a := rjagt . 

OUi 

Denote V(u) = {Vij(u)) the matrix of the antisymmetric operator V (12. 8|) w.r.t. the 
orthonormal frame ()2.32|) 

(2.38) V(u) := *(u) VV~ l (u). 

The matrix V(u) satisfies the following system of commuting time-dependent Hamil- 
tonian flows on the Lie algebra so(n) equipped with the standard Lie - Poisson bracket 

(2.39) ?L = { VjHi (V;u)}, i = l,...,n 
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with quadratic Hamiltonians 



(2.40) H % {V-u) = W^^- 
The matrix ty(u) satisfies 

(2.41) — = Vi(u)V, Vi(u) := a,d E Md (V(u ). 

OUi 

Here 

(2.42) U = diag(u 1 ,...,u n ) = Wtf -1 , 
the matrix unity Ei has the entries 

(2.43) (EiU = 5 at 5 ib - 

The system (I2.39|) coincides with the equations of isomonodromy deformations of 
the following linear differential operator with rational coefficients 

The latter is nothing but the last component of the deformed flat connection ()2.7|) 
written in the orthonormal frame (|2.32|) . Namely, the solutions to (|2.44|) are related to 
the gradients of the V-flat functions satisfying ()2.15|) by 

(2.45) Y = y l y. 

The first part (|2.14|) after the gauge transformation ()2.45|) reads 

(2.46) djY = (z Ei + Vi)Y. 

In particular the fundamental matrix (|2.25j) gives the fundamental matrix of solutions 
to (j23U), (EH) of the form 

Y (u; z) = *- x (u)e(t(u); z)z^z R 

p+fi R 

p>0 



(2.47) ^ (-),.(/( //)):'• 



The integration of 1)2.39)1 . ()2.41jl and, more generally, the reconstruction of the Frobe- 
nius structure can be reduced to a solution of certain Riemann - Hilbert problem 



2.3. Intersection form, discriminant, and periods of a Frobenius manifold. 

We now recall some important points of the theory of intersection form on a Frobenius 
manifold and of the corresponding period mapping (see f21E3E])- Intersection form 
is a symmetric bilinear form on T*M. It is defined by the formula 

(2.48) (^1,^2) = «e(^i ■ ^2), Wi, u 2 G T*M. 

The product uj\ ■ u 2 of 1-forms is induced from the product of vectors in T t M by the 
isomorphism 

< , >: T t M -> T* t M. 
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This means that, in the flat coordinates for < , >, 

(2.49) dt<* ■ dtP = cf(t)dt\ cf(t) = V a V \f x [l t] dt , = tf%(t). 
For the Gram matrix 

g <*P(t) := (dt a ,dt p ) 
of the bilinear form (J2.48|) one obtains 

g a(3 (t) = E e (t)cf{t) 

(2.50) = F aP (t) - V a p F pp (t) - F ap (t)V p p + A af3 

Here 



and the constant matrix (A a p) was defined in ()2.5|) . 

Proposition 2.3. For any complex parameter X denote E^cM the subset 

(2.51) S A := {t e M | det [( , ) t - A < , > t ] = 0} . 

It is a proper analytic subset (i.e., det (g al3 (t) — Xrj af3 ) does not vanish identically on 
M). On M\Y,\ the inverse matrix 

g af} (t;X) := (g^(t) - X^)' 1 

defines a flat metric that we denote ( , )a- The Levi-Civita connection of this metric 
has the Christoffel coefficients Pgj (t; A) of the form 

(2-52) T^(t;X) = -g Pp (t;X)T pa (t) 

where 

(2-53) rf (t) = d?{t) Q - 

The functions T^{t) are defined everywhere on M (but not only on M \ We 
will call them contravariant Christoffel coefficients of the metric ( , )\. 

Remark 1. The formulae of Proposition imply that the metrics ( , ) and < , > on 
T*M form flat pencil [T2"l ITS]. This means that: 

1) . The contravariant Christoffel coefficients for an arbitary linear combination ( , ) — 

A < , > on T*M are 

(2.54) r; ()) -AF <)> 

where T", j and r '< > are the contravariant Christoffel coefficients of the Levi-Civita 
connections V*- ' ' and V < ' > for the metrics ( , ) and < , > resp. 

2) . The linear combination ( , ) — A < , > is a flat metric on T*M, t E M \ H\ for 
any A G C. 
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3). The flat pencil is said to be quasihomogeneous of the charge d if a function / 
exists such that the Lie derivatives of the metrics along the vector fields 

(2.55) E := V ( ' ) f, e := V< ' >/ 
have the form 

(2.56) He E { , ) = (d- 1)( , ), Lie e ( ,)=<,>, 

(2.57) Lie E < , >= (d - 2) < , >, Lie e < , >= 

for some constant d € C and the commutator of the vector fields equals 

(2.58) [e,E]=e. 

In the case of Frobenius manifolds the connection V < ' > coincides with V, the con- 
nection V*- ' •* defined by ()2.53|) for A = will be denoted V*. The function / has the 
form 

/ = ti = V lat a . 

As it was shown in ^T] (see also [F2\ EH! ) existence of a flat quasihomogeneous pencil 
with certain restrictions for the eigenvalues of the operator V < ' > E can be used for 
an alternative axiomatization of Frobenius manifolds. 

Definition 6. A function p = p(t; A) is called X-period of the Frobenius manifold if 
it satisfies 

(2.59) (V* - XV)dp = 0. 

Due to Proposition 12.31 on the universal covering of 

M x C \ U A A x S A 

there exist n independent A-periods p 1 (t; A), . . . , p n (t; A). They give a system of flat 
coordinates for the metric ( , ) — A < , >. More precisely, 

Corollary 2.4. The flat coordinates p l {t; X), . . . , p n (t; A) of the metric ( , ) — A < , > 
on a sufficiently small domain in M \ T,\ can be determined from the system of linear 
differential equations 

(S~(t) - A,,™) d„i, + cf(t) & = 0, a, = 1, . . . ,n 

(2.60) 5 « = ^, * = !,...,». 

A full system of independent coordinates p a = p a (t; A) is obtained from a fundamental 
system of solutions £ a (t; A) = A)), a — 1, ... ,n, of the linear system \2.6(J\) . In 

these coordinates the Gram matrix of the bilinear form is a constant one 

(2.61) G ab = {dp\dp b ) -\<dp a ,dp b >= [g^(t)-X V ^]C(t;X)^(\t) 

The dependence of the new flat coordinates on t, X can be chosen in such a way that 
the partial derivatives £ e (i; A) satisfy also a system of linear differential equations with 
rational coefficients 

(2.62) (<T(t) - A?T) |^ - V ap Q - V) & = 0, a = 1, . . . ,n. 
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The corresponding flat coordinates have the form 

(2.63) p a (t ] \)=p a (t 1 -\,t 2 ,...,t n ) 
where p a (t) are flat coordinates of the metric ( , ), t € M \ E . 

We will omit the hat over p a (t) in the notations for the flat coordinates of the 
intersection form. 

Let us rewrite the system ()2.60|) . ()2.62|) in matrix notations. The equations ()2.60|) . 
(|2.62j) for the row- vector £ = (dip, d 2 p, ■ ■ ■ , d n p) read 

(2.64) <9 Q £ .{U-\)=i(v-]\ C a , 

(2.65) d A £ • (U - A) = £ Q - V 

The matrices U(t), C a (t) were defined in (I2.12|) . (|2.13|) . Observe that, for d ^ 1, one 
can reconstruct the A-period p(t; A) knowing its gradient £(t; A) using 

Lemma 2.5. Lei £ = (£ Q (t; A)) fre an arbitrary solution of the system \2. 6$ , \2.6di) . 
and d ^ 1. T/ien £/ie function 

(2.66) p(t; A) = Y^fE-xet = -^~ d [E e {t)Ut; A) - A£i(t; A)] 
satisfies \2.6Cty . 

Proof Multiplying ()2.64j) by E a (t) — X5f and taking the sum over a one obtains 

r 



A ^)c> a £ = £(V 
Using 

2 2 

and closedness of the 1-form £ we rewrite the above equation in the form 

d iiE-xedp) = ^—^dp. 

So 

1 - d 

%E-\ e dp = - p + const. 
Doing a shift along p we kill the constant if d ^ 1. Lemma is proved. 
Definition 7. The subset 

£ := S C M 

is called discriminant of the Frobenius manifold M. Any function p = p(t) on M\E 
satisfying (|2.64j) . (J2.65)) with A = is called period of the Frobenius manifold. A system 
of n independent periods p 1 ^), . . . , p n (t) gives flat coordinates of the intersection form. 
They determine a local isometry of the complement M \ £ to the complex Euclidean 
space C n equipped with the quadratic form G = (G ab ) = {{dp a , dp b )) . This map is 
called period mapping of the Frobenius manifold. 
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Sometimes we will call it even period mapping to distinguish from the odd one to 
be introduced in Section 2. 

Analytic continuation of the period mapping p(t) := (p 1 (t) , . . . , p n (t)) is a single- 
valued analytic vector-function on the universal covering of M \ S. Continuing this 
function along a closed loop 7 on M \ £ one obtains a new system of flat coordinates 

(2.67) p(t) 1 — > p(t) M 7 + a 7 
where M 7 is a n x n matrix satisfying 

.\LC.\L 1 = G 

and constant vector. The matrix M 7 and the vector a 7 depend only on the 

homotopy class of the loop [7] G 717 (M \ £). For d ^ 1, due to the quasihomogeneity 
(J2.66j) of the components of the period mapping, one may assume that a 7 = 0. We will 
mainly consider here only the case d 7^ 1. 

The following simple statement will be useful later on. 

Lemma 2.6. //, for d / 1, the flat coordinates p l (t), . . . , p n (t) of the intersection 
form are chosen in such a way that 

(2.68) Lie E p = X ~^V 
and 

(dp a ,dp b )=G ab , (G ab ) = (G ab )-\ 

then 

(2.69) h := Vl J a = l -^G ab p a p b . 

Proof From ()2.48|) we have the following expression for the gradient of the function t\ 
w.r.t. the metric ( , ) 

(2.70) V.ti = E. 
Equation ()2.68|) implies that 

(2.71) E = — 

v ; 2 F dp a 

Rewriting (|2.7()jl . in the flat coordinates p 1 , . . . , p n we obtain 

G a b dh = l^d 

dp b 2 y 

This proves Lemma. 

The representation (for d ^ 1) 

(2.72) tt^MX^^O^G), 7^M" 1 

is called monodromy representation of the Frobenius manifold. 
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3. Dual (almost) Frobenius manifold and its deformed flat connection 



Here we will construct a transformation associating to an arbitrary Frobenius man- 
ifold M a new structure on M* = M \ £ satisfying all the axioms of a Frobenius 
manifold but constancy of the unity (cf. Remark 4.2). 

For t G M \ £ we define a new multiplication of tangent vectors u, v G T t M by 

u ■ v 

(3.1) u*v: 



E 



Proposition 3.1. The multiplication \3. 1)) together with the intersection form ( , ), 
the unity = the Euler vector field = E satisfies all the axioms of Frobenius manifold 
but JO) . 

Proof Associativity of the multiplication is obvious. As it follows from the definition, 
the superposition 

/ : T,M ' : 'T; M - >T t M 

(here ( , ), < , > are considered as bilinear forms on T t *M) establishes an isomorphism 
of the algebras 

f(u*v) = f{u) ■ f{v). 

In other words, on the cotangent planes both the multiplications are given by the same 
formula (|2.49J) . From this we derive invariance of the intersection form w.r.t. the new 
multiplication, i.e., the symmetry of the expression 

gf g ^ = i E (dt a ■ dt p ■ df) 

w.r.t. a, j3, 7. 

Next, we are to prove the symmetry of the covariant derivatives 

i7«; 



g < e d e cf - VJ a cf - Yfc a p e + YJcf 



w.r.t. a, /3, 7. Here V* is the Levi-Civita connection for the intersection form. Rewrit- 
ing the first term in the r.h.s. as 

g^d e cf = g^d p cf = d p (cfg^) - cf (T^ + 17) 

(here we use the condition V*g alS = 0), we obtain 

S/Jcf = d p (cfg^) - T2 a cf - Yfc a ; - cfV 6 ^ 



d P {dfsT) - cfcf Q - V 



cj x c a n e 



- V - cTc 



a/3 eX 



Using associativity we recast the last expression into the form 



d p (cfg^) 



7/3 eX 



V 



+ c^cf 



- V 



+ cfcf 



V 



V 



Using the symmetry of the first term we clearly see that the expression is symmetric 
in a, P, 7. 



14 



B. DUBROVIN 



It remains to prove that E is the Euler vector field also for the new algebra structure, 
and that it also plays the role of the unity for the new multiplcation. The first statement 
follows from the formulae for the Lie derivatives 

Lie E g aP = (d- l)g at3 , Lie E cf = (d - l)cf . 

The second statement is clear since the isomorphism 

( , ) : T*M -> TM 

maps the unity dt± = rji a dt a of the multiplication (J2.49j) to the Euler vector field E. 
Proposition is proved. 

Corollary 3.2. Letp l {t), . . . , p n (t) be a system of flat coordinates of the intersection 
form defined locally on M \ S. Then there exists a function F*(p) such that 

,,„x d 3 F*(p) dPd^dp^ 

[ > dp*dp>dp k ~ Uia ^ 3b dp k dt° dtP 7 K h 

Here 

(G lJ ) = (G^y 1 

and a constant symmetric nondegenerate matrix G l i is defined by 

G ij = ^%9^{t). 
dt a dt? y W 

The function F* (p) satisfies the following associativity equations 

(3.3) ^(p) c ab 93F * {P) = 9 " FM C ab d3F * {p) , i, j, k, I = 1, n. 
dp l dpfldp a dp b dp k dp l dp l dp>dp a dp b dp k dp 1 '' ' ' ' 

For d 1 F* (p) satisfies the homogeneity condition 

dr l-d 



ap 1 

(3.4) E^ = 2 ^ + t^E g ^V- 



Observe that the definition of the function F* can be rewritten in the following way 

QpaQpb 



( 3 - 5 ) d ( i^tb )= d p a - d Pb- 



We have constructed an almost Frobenius structure on the complement M* = M \ 
S. By definition, this means that all the axioms of Frobenius manifold hold true 
but the constancy of the unity. We will called this object dual (almost) Frobenius 
manifold. At the end of this Section we describe the deformed flat coordinates of 
the dual Frobenius manifold. Denote v the parameter of the deformation (it was z 
for the original Frobenius manifold). By definition the deformed flat coordinates are 
independent flat functions p(p; v) for the deformed flat connection V* defined on M* x C 
by the formulae similar to ()2.6|) . In the flat coordinates p 1 , . . . , p n for the intersection 
form they satisfy the system 

(3-6) TTT = V C ab [PKc ~ 



dp b ab V ^ 6 ' sa dp a 
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where 

(3.7) c ab (P) ■= G 



dp d dp a dp b 



Definition 8. Any function p = p(p; v) satisfying ()3.6|) is called twisted period of 
the Frobenius manifold. 

As usual one has an invariant pairing on twisted periods defined by the formula 

(3.8) {frUi-")) : ajKiAC'Cd':-,;). 
The above expression does not depend on p e M* 

Let us rewrite the system ()3.6|) in the original coordinates t 1 , . . . , t n . 

Proposition 3.3. The gradients £ = (£i, ...,£ n ) of the deformed fiat coordinates on 
M* X C 

(3.9) i a := d a p(t; u), a = 1, . . . , n 
satisfy the following system of linear differential equations 

(3.10) d a £-U = Z- (v + v-l) C a . 



2 



The notations are the same as above. 



Proof By definition the differential equations for the deformed flat coordinates have 
the form 

Here r 7 „ are the Christoffel coefficients of the Levi-Civita connection for the metric 
p are the structure const ants of the dual Frobenius manifold. Multiplying this 
equation by and using ()2.53|) and the definition (|3.1|) of the multiplication law on 
the dual Frobenius manifold we arrive at (j3.10|) . □ 

For v = we obtain the original periods 

p(p; 0)=p 

i.e., the flat functions for the metric ( , ). The twisted periods 

(3.11) w(t) =p(t;v = 1/2) 

will be called odd periods. This name is motivated by the following construction. 
Let us introduce a Poisson bracket on the Frobenius manifold by the formula 

(3.12) {f,g}:=<df,Vdg> . 

The flat coordinates t 1 , . . . , t n are Darboux coordinates for this Poisson bracket: 

(3.13) {t a ,t } = T] a "V^ 

The Poisson structure does not degenerate iff the operator V is invertible. 

Proposition 3.4. Let m\(t), vj^if) be any two odd periods. Then their Poisson bracket 
is constant. 
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Proof is given by a straightforward calculation of the derivatives d a {w\,W2\ using 
(EHUD for v = \. 

Corollary 3.5. A system ofn independent odd periods z&i(t), . . . , zu n (t) gives another 
system of Darboux coordinates for the Poisson bracket 

The generating function of the canonical transformation 

(t\...,t n ) ^ (W! (£),..., ?u n (i)) 

between the two systems of Darboux coordinates will play an important role in the 
constructions of Section 4. 

Let us now consider the dependence of the twisted periods on v. It turns out that, 
instead of the differential equation with rational coefficients given by (|2.7|) the crucial 
role in the theory of almost Frobenius manifolds plays a difference equation in v. 

Lemma 3.6. If ^ = v) is a solution to \3.1(}j) then <9i£ is a solution to the same 
system with a shift v \— > v — 1. 

We will represent the claim of the lemma in the form 

(3.14) d x i{t-v)=i{t-v-\) 
and, respectively for the twisted periods 

(3.15) jfiP(t;u)=p(P,v-l). 

Proof Dependence of £(t; v) on t 1 is determined, due to ()3.10|) . by the system 

(3.16) i-u = t;- ( v + ^-0> i-=9it 

So one can rewrite the equation ()3.10p as 

d a i-u = i- C a U 

where the commutativity UC a = CJJ of operators of multiplication has been used. 
Because of invertibility of the operator U on M* one has 

d a i = i ■ c a . 

Differentiation ()3.1()j) w.r.t. t l and using d\U(t) = id, d\C a = yields 
Using the above equation we arrive at 

d a £ = £-(v + v-^ c a . 

This equation coincides with ()3.10|) up to shift v \— > v — 1. The Lemma is proved. □ 
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Using ()3.1U|) one can rewrite the shift equation (|3.14j) in the form 

(3.17) £(t; v - 1) = £(t; v) [A{t)u + B{t)\ , A{t) = U-\ B(t) = (v + v-^J U' 1 . 

Observe that the shift operator (J3.17|) changes the sign of the invariant bilinear form 
(I3~5J) : if v-\) and £(t; v) are related by (j3~T7jl then 

(3.18) {i{v - = 

We are now ready to give a precise definition of almost Frobenius manifold and prove 
a Reconstruction Theorem inverting the above "almost duality" 

M i-> M*. 

For simplicity we will only consider the case d ^ 1 . Moreover we will present the defini- 
tion of almost Frobenius manifolds only in the flat coordinates leaving the coordinate- 
free formulation, along the lines of Section El as an exercise for the reader. 

Definition 9. Almost Frobenius structure of the charge d ^ 1 on the manifold M* is 
a structure of a Frobenius algebra on the tangent planes T p M* = (*,(, ) p ) depending 
(smoothly, analytically etc.) on the point p e M*. It must satisfy the following axioms. 

AFM1. The metric ( , ) p is flat. 

AFM2. In the flat coordinates p 1 , . . . , p n for the metric, 

(3.19) (dp\dp>) = G lj 
the structure constants of the multiplication 

(3 - 20) ^*^ =C - (P W 
can be locally represented in the form 

(3.21) t (p) = G- ^ 



*j dpi dpi dpi 

for some function F*(p). The function satisfies the homogeneity equation 

The Euler vector field 

1 — d ,■ d 

(3.23) £ = _ Ep . 

1=1 

is the unity of the Frobenius algebra. 
AFM3. There exists a vector field 

(3.24) e = e k (p)- d 



Qpk 

being an invertible element of the Frobenius algebra T P M* for every p e M* such that 
the operator 

p i— > ep 
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acts by a shift v i— > ^ — 1 on the solutions of the deformed fiat connection equations 

(3 25) d 2 ;p = ^ *k dp 

dp 1 dpi 13 dp k 

Theorem 3.7. Let us define on an almost Frobenius manifold. M* a new multiplication 
■ and a new bilinear form < , > by 

u * v 

(3.26) u-v: = 



e 

(3.27) < u,v >:= (u, - 

V e, 

These multiplication and bilinear form gives a Frobenius structure of the charge d on 
M* with the unity e and the Euler vector field E. 

Proof Using ()3.25|) we can rewrite the shift operator v \— > v — 1 as follows 

dp(p; u) 



(3.28) £(p; v - 1) = £(p; u)(A(p)u + B(p)), £(p; u) = (£(p; ^)) , &(p; ^) , 
(cf. (13.17)) above) where 

A(p) = (i4*(p)), 4(p) = e k (p) 4 (p) 

(3.29) B{p) = (5j(p)), £j(p) = S^fr). 

Since the operator ()3.28|) changes the sign of the pairing (|3.8|) . the operators A = A(p), 
B = B{p) satisfy 

(Am, v) = (u, Av), (Bu, v) + (u, Bv) = -{u, Av) 
for any two tangent vectors u, v. The second of these two equations implies 

(3.30) dV + &e { = -e k c k 

(all raising and lowering of Latin indices in this Section is done by means of the matrix 
(G lJ ) and its inverse (Gij)). 

Let us first prove that the metric < , > is flat. It is convenient to work with the 
contravariant metric on T*M*. The Gram matrix of it in the coordinates p l is given 
by 

(3.31) rf (p) :=< dp\ dp> >= e k (p) ? k (p). 

Let us compute the Christoffel coefficients of the Levi-Civita connection for the metric 
< , >. Let us denote these coefficients 7&(p); we put 

(3-32) 7 «(p) := -rf s (p)i sk (p) 

(cf. (Em). 

Lemma 3.8. The Christoffel coefficients \3. 32$ of the Levi-Civita connection for the 
metric \3. 31)) are given by one of the following two equivalent formulae 

(3.33) il = -d l d k e 3 

(3-34) il =c ks <9V. 
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Proof Let us first check equality of (j3.33|) and (|3.34j) . Indeed, from ()3.15|) it follows 
that the functions p = e 1 {p), . . . , p = e n (p) give a basis in the space of solutions of the 
equation ()3.25|) for v — — 1. Spelling this equation out yields the needed equality. 

We are now to check that the Christoffel coefficients 7^ satisfy the following two 
equations (see [12], equations (3.26) and (3.27)) uniquely determining the Levi-Civita 
connection 

(3.35) ftr,* = 

(3.36) rf s 1 jk s = rf^f. 

Indeed, the first of these two equations follows from (|3.33|) and from the identity 

(3.37) rf j = -<9V - <9V 

equivalent to (J3.3U)) . The second one follows from (|3.34j) and from associativity of the 
multiplication *. The Lemma is proved. □ 



We will now prove that the metric (|3.31j) is flat. Because of (|3.36|) the connection is 
torsion-free. It remains to prove 

Lemma 3.9. The curvature of the connection \S.S4. ) vanishes. 

Proof We are to prove the following identity (see ^2], formula (3.33)) 

rjis (d^k _ + _ jikjSi = 0. 

To this end we are to substitute the formula ()3.33|) in the first bracket and also the 
expressions ()3.3H) and ()3.34|) in the remaining terms. After such substitution the first 
bracket will be vanishing because of equality of mixed derivatives, and the remaining 
terms will be equal to zero because of associativity of the product *. The Lemma is 
proved. □ 



We will now proceed to studying the properties of the multiplication ()3.26|) . 

Lemma 3.10. The multiplication h8. 26\) is commutative and associative. The vector e 
is the unity of it. The bilinear form < , > is symmetric nondegenerate and invariant 
w.r.t. the multiplication. 

Proof Rewriting the formulae (J3.26|) and (J3.27j) in the form 

u ■ v = u * v * e _1 
< u, v >= (u * v, e~ l ) 

we obtain 

< u ■ v , w >= (u* v * w, e~ 2 ). 
The statements of the Lemma easily follow from the above formulae. □ 



We are now to check the main property FM2 of the multiplication ()3.26|) . Let us 
denote the covariant derivatives w.r.t. the Levi-Civita connection for the metric 
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< , >. Introduce the operators 

V fc := V ks V s . 

It suffices to prove 

Lemma 3.11. The coefficients c k = c k (p) defined by 

dp 1 ■ dp> = c k 3 (p)dp k 

satisfy 

(3.38) V l c£ = V*c#. 

Proof The main trick in the proof is the coincidence of the two multiplications * and 

• on the cotangent spaces T*M*. So in (|3.38|) can be replaced by c k . So we are to 
prove symmetry in i, j, I of the covariant derivative 

V C k — V °s C k Iq C k Iq C k +7fc C q ■ 

The derivative d s c k is symmetric in s, k due to (|3.21jl . Using this symmetry and also 
the equation ()3.35j) we recast the r.h.s. of the last expression into the form 

= dk(v ls c s )-i l q l c k -rfc k -jl l c q . 

In the first term we can replace back c s by c* J . After such a replacement the symmetry 
of the first term in i, j, I becomes evident. The remaining three terms can be rewritten, 
using ()3.34|) as the fc-th component of the following one-form 

- (dp 1 * dp? * de l + dp 1 * dp 1 * de j + dp 1 * dp? * de l ) . 

The needed symmetry becomes obvious. The Lemma is proved. □ 

Lemma 3.12. The unity vector field e satisfies \2.1\) . 

Proof Using the formula (j3.31|) and also the expression ()3.34|) for the Christoffel coef- 
ficients we compute 

V i e k = ^sg^k _ yk e s = e l *™ g se k_ gl e k e s = Q 

The Lemma is proved. □ 

It remains to settle the quasihomogeneity property FM3. To this end the following 
quasihomogeneity of the deformed flat coordinates p(p; v) will be useful 

1-d 



(3.39) LieEp{$>\v) 



+ v 



p(p;v). 



2 

In particular, the components e k (p) of the vector field e satisfy 
(3.40) Lie E e k = -^i fc , k — l,...,n 

(see the proof of Lemma | 
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Lemma 3.13. The vector field E is linear in the flat coordinates for the metric < , >. 
It satisfies 

(3.41) [e,E}=e. 
Proof Using (|3.34j) and also 

(3.42) E k 4= <5J 

(see Axiom AFM2) we obtain the following expression for the first covariant derivative 
of the vector field E 

TPE? = ^—^ri ij - <9V. 
2 ' 

For the second covariant derivative V^V 1 ^ we obtain, using (J3.35)) and also equality 
of (EH3J) and (ITMJ) 

1-d 



- — -r] qj - d q e j 



'9 



-r] iq - l e q 



After substitution of the expression ()3.34|) for the Christoffels we rewrite the last equa- 
tion as follows 

3 — d , *iq • l-d h *jg • 1 — d *kq , 1 — c? , *fc<? • 
= — ^ c * «V + — V k c s d q e l - —V J c s d q e l - — rf s c s d q e> 

+ *c qs d s e i d q e j + *c qs d s e j d i e q . 

*iq *jq *kq ^kq . . 

Replacing c s , c s , c s , and c s by c* 9 , cl q , c q , and c^ 9 resp. and using symmetries like 

r^V/ = r] js c kq 

etc. we arrive at the following expression 

= r) is c kq d q e j + cf (d l e s + <9V) d q e j . 

The expression in the parenthesis in the second term is equal to — rj 18 , due to (|3.3U|) . 
Therefore V k V { E j = 0. 

To prove (|3.41|) we are to use (|3.4U|) . So, 

[e, E] k = e%^p k - E^e k = ^e k + l -±±e k = e k . 
The Lemma is proved. □ 

The last step in the proof of the Theorem 13.71 is 
Lemma 3.14. The linear vector field E satisfies equations of Axiom FM3. 

Proof Let us first prove that 

Lie E r) ij = E k d k r] i] - d k E' l r] k3 - d k E 3 rf k =(d- 2)rf j . 
Using (J3.35|) we rewrite the last equation in the form 

= E k (ll j + lt l )-(l-d)r ] v. 
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Substituting the expression (|3.34|) for the Christoffels and using ()3.42|) and ()3.30|) we 
arrive at 

= dV + <9V - (1 - d)rj ij = (d- 2)rf j . 
Next, we are to prove that 

Lie E $ = E s d s J k j - dsE'cl 1 - d s E^ k s + d k E s ^ = {d- l)c£. 

The last three terms give — (1 — d)c k 3 . In the first term, because of equality c k ° =c k 
and because of (j3.21j) we can interchange the indices s and k. After this we rewrite 
this term as follows 

E s d k jJ = 8 k (E s - d k E s dJ = -4- 
Here we use again ()3.42|) . This proves the Lemma and also the Theorem 13.71 □ 

Example 1. Let (A — span(ex, . . . , e n ), < , >) be a Frobenius algebra with the 
trivial grading 

q a = deg e a = 0, a — 1, ... ,n. 
It carries a structure of a trivial Frobenius manifold M = A with 

F(t) = - < t 3 , e >, t = t a e a G A. 
6 

Here e G A is the unity. The Euler vector field is equal to E = t a d a . The dual (almost) 
Frobenius manifold M* can be identified with the set of all invertible elements x = x a e a 
of A with the metric 

d d 

< e a ,e/3 > 



dx a ' dx@ 

and with the multiplication defined by 

d d d 



dx a dx? ' dx~f 



2(e a ■ e p ■ e y ,x x ). 



Integrating one obtains 
(3.43) 
The map 



(3.43) F*(x) = ^(x 2 ,logx 2 ) 



M* -> M 

(3.44) x ^t=^x 2 

transforms the metric ( , ) to the intersection form of the trivial Frobenius manifold M. 
The latter can be recast into the following bilinear form on T*M depending linearly 
on the coordinates 

(dt Q , dt p ) = cftf. 

This metric and the flat coordinates (|3.44j) for it was first considered by A.Balinski and 
S.P.Novikov |3] in their theory of linear Poisson brackets of hydrodynamic type. The 
solution ()3.43|) to the equations of associativity was found in Appendix to [HJ El (in a 
different but equivalent form). 
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We will end this Section with a slightly more general construction of the almost dual 
Frobenius manifold. Let us introduce a one-parameter family of Frobenius algebra 
structures on the tangent spaces T t M by 

u *\ v 

(3.45) (u,v) x 

It is easy to see that, for any A the above formulae define on M*(A) := M \ H\ a 
structure of almost Frobenius manifold. For A = one obtains the old definition 
M*(0) = M*. For A — > oo after a suitable rescaling the Frobenius structure (|3.45|) goes 
to the original Frobenius structure. 



u ■ v 
E-Xe 

-< u, 



V 



E-\e 



> 



4. Twisted period mapping and its monodromy 

In this section we will describe the analytic properties of the twisted period mapping 
for an arbitrary semisimple Frobenius manifold. 

Let v be an arbitrary complex number, 

q = e 27Tiu . 

We first introduce one more argument A of the twisted periods doing a shift 

p(t; v) ^ e~ xdl p(t; v) = pit 1 - A, t 2 , . . . , t n ; v) 

The gradients £ a = d a p of these functions can be found from the following system of 
linear differential equations. 

Lemma 4.1. Near any point t G M\Sa there exist n independent functions p 1 ^; A;t), 
. . . , p n [y\ A; t) such that their gradients £ = (£i, . . . , £ n ), ^ a = d a p, satisfy the system 

(4.1) d a i-{U-\)=i (v + u-^j C a 

(4.2) d x Z-(U-\) = Z + - 

To prove Lemma it suffices to check compatibility of the system. We leave it as an 
exercise to the reader. 

Observe that for v = the system (JUT}, flO} coincides with (l2~MJ) . (l2~HH|l . More 
generally, it coincides with the equations defining deformed flat coordinates on the 
almost dual Frobenius manifold M*(A) (see (I3.45J) above). 

Our nearest goal is to describe the monodromy of solutions of the system (14. 1|) . (j4.2j) . 
This will be done for an arbitrary semisimple Frobenius manifold. 

We first rewrite the system (|4.1|) . (j4.2j) for the twisted periods in the canonical 
coordinates. We will denote p[y\ A; u) the function p{y\ A; t(u)) when it cannot lead to 
a confusion. 
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Let $i{y] X;t) be the components of the one- form £ = dp in the moving frame f\. 

■ ■ ■ i fni 

(4.3) <j>i = 

Lemma 4.2. In the new coordinates the system \4-l\j , \4- 6 4) r ^ds 

(4.4) + 

V A - Ui 

<4,) (|_„ + y 

fwe write now as a column-vector) . Here is the matrix having all the entries zero 
but (Ei)a = 1, the skew- symmetric matrix Vi has the form 

V i = ad E Mu 1 (V). 
Proof is similar to Proposition H.2 in ^2]- We omit it. 

If (f) is a solution to the system (|4.4j) . ()4.5|) then d(f)/d\ is a solution of the same system 
with v \ — ► v — 1. So it suffices to describe the monodromy of the system assuming that 

Rev > —-. 

Let us cover the Frobenius manifold M ss with convenient charts. We choose a real 
number < (p < 2n and we define an open subset M s ° s C M ss containing all the points 
t G M ss such that their canonical coordinates «i(t), u n (t) satisfy the following 
condition: the rays Li, . . . , L n on the complex plane of the form 

(4.6) Lj = {uj + ipe~ iip \ < p < oo} , j = 1, . . . , n 

must not intersect. On M^ s we can order the canonical coordinates ui, . . . , u n in such 
a way that the rays Li, . . . , L n exit from the infinite point of the complex plane in the 
counter-clockwise order. After this ordering we are able to define the matrix-valued 
functions ty(u) and V(u) as it was explained above. We can define therefore the linear 
differential operator with rational coefficients 

and compute it monodromy data (/t, e, R, S, C) at each point of M s ° s . Here the n x n 
matrices p,, R describe monodromy at the origin, e is an eigenvector of the matrix fi, 
S is the Stokes matrix of the operator ()4.7|) computed with respect to the line 

(4.8) I = {arg z = <p} 

with its natural orientation, C is the central connection matrix (see the definitions and 
the full list of constraints for the monodromy data in ^1]). Observe that S is an upper 
triangular matrix due to the above choice of ordering of the entries Ui, . . . , u n of the 
diagonal matrix U. The central result of the theory of semisimple Frobenius manifolds 
says that the monodromy data are constant on every connected piece of M° s . The 
Frobenius manifold structure on any such a piece can be reconstructed by an algebraic 
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procedure starting from the solution of a suitable Riemann - Hilbert boundary value 
problem with the boundary conditions given in terms of the monodromy data. We 
will denote Fr(ft, R, e, S, C) such a Frobenius structure on any connected component 
of M s ° s characterized by the monodromy data (ft, R, e, S, C). As a consequence of the 
general theory of Riemann - Hilbert problems we derive that the image of the map 

A^,->C»\diag, t^( Ul (t),...,u n (t)) 

is a complement to a closed analytic subset in C n . The gluing of the patches Fr(fi, R, e, S, 
C) along the boundaries 

arg (ui — Uj) = — — ip for some i ^ j 
is given by an action of the braid group B n on the monodromy data described in 

nam. 

In every patch Fr(jl, R, e, S, C) we will construct a fundamental matrix of solutions 
of the Fuchsian system (j4.14j) depending on U\, . . . , u n according to the equations 

Theorem 4.3. Let q := e 2m " be not a root of the characteristic equation 

(4.9) det (qS + S T ) = 0. 

Then there exist n linearly independent solutions <jr x ' , ■ ■ ■ , 4>^ of the system J^.i^ j 
analytic in (A, Ui, . . . , u n ) on 

(4.10) ^\^jLj x Fr(fi,R,e,S,C) 

such that the monodromy transformations M\, . . . , M n along the small loops encircling 
counter-clockwise the points u\, . . . , u n are reflections 

(4.11) M4 {j) = <p {j) - q 1/2 <f) (j) ) q <p {i) 
w.r.t. the bilinear form 

(4.12) (^,^) q :=(q^S + q-^S T ) i3 . 

Proof For Rez/ << we can construct a fundamental matrix $(A) of solutions to 
(|4.5|) applying a Laplace-type transform to a fundamental matrix Y(z) of solutions to 
(EH: 

(4.13) $(A) = ^=(l + g- 1 ) / Y(z)e~^— T . 

V 2n Jo z : + 2 

Technically it is more convenient, following to use a sort of inverse transform 

expressing solutions to ()2.44|) via Laplace-type integrals applied to the solutions to the 
system f!4.5|) . 

We rewrite the Fuchsian system (J4.5|) in the standard way 
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where 

(4.15) Ai :=Ei (v-\-v), i = l,...,n. 

The matrices Ei were defined in 1)2.43)1 . This system has Fuchsian singularities at the 
points A = ui, . . . , A = u n , A = oo. The dependence on u%, . . . , u n imposed by ()4.4j) 
reads 

(4.16) %-=U- A 



dui \ A — Ui 

We define the needed solutions ft 1 ', ■ ■ ■ , < - n ' ) according to their behaviour near the 
finite singularities of the system. 

Let us first consider the generic case v being not a half-integer. 
Lemma 4.4. For 

(4.17) v^ + \ 

there exist n solutions of the Fuchsian system \4-14\ l analytic in 

(4.18) A G C \ UjLj 
of the form 



\/27T 

(4.19) <f>® = -j{ r(ut - A)""5 ^ + 0{ Ui — A)] , X —* u^ 

where the expression in the square brackets is analytic in a small neighborhood of A = U{. 
Here ei is the column-vector having the i-th component 1 and all other components 
zero. The solutions are determined uniquelly after chosing of a branch of the functions 

We choose the normalizing factor on (J4.19)) in order to meet the shift condition 

Proof The n — 1 eigenvalues of the matrix A, are zeroes and one eigenvalue is equal 
to v — 1/2. So the eigenvalues of the monodromy transformation Mj are all equal to 1 
but a simple eigenvalue —q. In the nonresonant case 

2 T 

the unique eigenvector of Mj with the eigenvalue — q can be represented, after an 
appropriate normalization, in the form ()4.19jl . Lemma is proved. 

Observe that any solution <fi of the Fuchsian system (|4.14|) near A = Ui can be 
uniquelly represented in the form 

4> = g <fi® + analytic 

for some constant g. Here analytic is a solution of the same system analytic at A = Ui. 
Particularly, one can find a matrix of constants G = (g 1 ^) such that 

(4.20) W = g jl (jp} + analytic near X — Uj. 
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By definition we have 

g" = 1, z = l,...,n. 

Lemma 4.5. The action of the monodromy transformation Mj onto the solution 
is given by the formula 

(4.21) Mj^ = (f> (i) - (g + 
Proof From ()4.19|) we have 

M4 (i) = -q(f) (i) . 

This gives fl4"2T| for j = i. If 

with ^ analytic near A = Uj then 

M j( f) {i) = Mj (g ji (j) {j) + V>) 

= -g + ^ = W - (g + l)g 3i (j) {j) ■ 

Lemma is proved. 

Similarly, continuing the solution clockwise around A = it, we obtain the trans- 
formation 

(4.22) MrV W = <p (i) - (1 + q- 1 )^®. 

Let us introduce another system of branch cuts L\, . . . , L n on the complex A-plane 
opposite to Li, . . . , L n resp. We introduce solutions 4>^ l \ . . . , to (|4.14jl of the same 
form (|4.19|) analytic on 

(4.23) C\uA. 

Here we choose the branches of the functions (iij — \) u ~z near Lj by rotating the 
branches of the same functions defined near Lj in the counter-clockwise direction. 

Lemma 4.6. The result of the counter-clockwise analytic continuation of the solutions 
(p 1 ' , ■ ■ ■ , 4>^ is related to the solutions 4>^ l \ . . . , 4>^ by the transformation 

(4.24) (0« . . . , 0(n)) = ^(D j . . . j [! + (! + q ^)G + ] 

Similarly, for the clockwise analytic continuation of the same functions one obtains 

(4.25) (0« . . . , = -q- 1 . . . , [1 + (1 + g)G_] . 
i^ere i/je matrices G± are defined as follows 



(4.26) (G. 
(4.27) 



0, i>j 

gv, i<j 

0, i<j 

g l \ i>j 
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Proof Let us prove the first formula. Counter-clockwise analytic continuation of 
till Li does not meet obstructions: we simply rotate the branchcut L\ untill L\. So 

To continue analytically (p^ till L 2 we are to cross the branchcut L\. This changes 
<f>W to MfV (2) - Using (jQ2D for i = 2, j = 1 we obtain for the analytic continuation 

0( 2 ) = MrV (2) = (2) - (1 + <T 

Similarly, 

0< 3 > = M^Mf 1 ^ = Mf V (3) - (1 + g-^^Aff V (2) 

= (3)_ (1 + g -l) [0(1)^3+^(2) 

etc., 

= Mf 1 Af 2 _1 . . . M-_\0 (n) = (f) {n) -{l+q- 1 ) U {1) g ln + ( V™ + ■■■ + 

This gives (|4.24|) . Similarly, continuing analytically the functions j n the clockwise 
direction and using (|4.21|) we derive ()4.25|) (here we are to take into account the change 
of the branches of the functions (ui — X) v ~^. Lemma is proved. 

Let us define now vector-functions Y^\z) and Y^\z) via the following (inverse) 
Laplace transforms 

(4.28) Y<?(z) := ( J )3/2 1 1 f +i £ 0»(A)e'\U. 

Here the loop integrals are taken along the infinite cycle coming from infinity along the 
left shore of the branchcut Lj/Lj resp., then encircling the point A = Uj and returning 
to infinity along another shore of the same branchcut. We define the branch of z u+ z 
doing a branchcut along the negative half of the line I. 

Lemma 4.7. The vector-functions Y^j L (z) are linearly independent solutions to the 
system \2.44D - They are analytic in the half-planes Hr/l resp. to the right/to the left 
of the line i. i.e., 

(4.29) 11+ = {z | (p < arg z < (f + tt}. 

In these half-planes they have the asymptotic development of the form 

(4.30) Y$ L (z)~(e l + 0(l/z))e^. 

Corollary 4.8. The Stokes matrix of the operator \4.7\) w.r.t. the oriented line i is 
equal to 

(4.31) S =l + (l + q- l )G + . 
The transposed Stokes matrix is equal to 

(4.32) S T = l + (l + g)GL. 
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Proof of Lemma. At infinity the Fuchsian system (j4.14|) has a regular singularity. 
So the solutions (i) (A) and </> w (A) grow at infinity not faster than some power of | A | . 
This proves convergence of the integrals for |A| — > oo, z e Hr/l resp. Analyticity of 
the integrals (J4.28j) in the half-planes Ur/Ul resp. is a standard fact of the theory of 
Laplace integrals (see, e.g., ffj). Integrating the convergent expansions near A = U{ 
of the form (|4.19|) of the functions <^(A) / '0^ '(A) multiplied by e zX we arrive at the 
asymptotic developments (J4.3U)) at z = oo of the integrals. Plugging the integrals 
()4.28|) into ()2.44|) and integrating by parts (we can neglect the boundary terms due 
to the exponential vanishing of the integrand at infinity) we prove that the integrals 
satisfy the system (|2.44|) . Their linear independence follows from the independence of 
the principal terms of the asymptotic developments. Lemma is proved. □ 

Proof of Corollary. To analytically continue the integral Y^\z) in the clockwise 
direction to the half-plane LT^ through the positive part of the line I one is to rotate 
counter-clockwise the contour Lj till it will get to the position Li. Using (|4.24|) we 
derive that in a narrow sector around the positive half-line I 

(Vf, • • • , Yt ] ) = (Y£\ Y*0) [! + (! + g- 1 )^] • 

This gives the formula 1)4.31)1 for the Stokes matrix. Similarly, continuing analytically 
(z) in the counter-clockwise direction through the negative part of the line £ (here 
the branch of z u+ 2 changes) and using (j4.25j) we arrive at 

(y«, . . . , Yt ] ) = (Vi 1} , • • • , Y^) [! + (! + q)G.] . 

As we know from the theory of Stokes matrices for the operator (|4.7|) . in the narrow 
sector near the positive part of i 

(y >'<»>) = (y « .... yP)s 

and in the narrow sector near the negative part of I 

(r<",...,y("») = (r«,...,yi"»)s- 

(see, e.g., |Hj). Corollary is proved. □ 

Using ()4.31|) and ()4.32|) we rewrite the formula (|4.21|) of the monodromy transfor- 
mation that we redenote Mi(q) G GL(n, C[q, q^ 1 }) as follows 

( -qsij<f>®, i<j 
(4.33) Mi{q)<j) {j) = I -q<f>^\ i = j 

This is the reflection (j4.11j) w.r.t. the bilinear form 1)4.12)1 . 

It remains to prove linear independence of the solutions (ffi*\ (p^ under the 
assumption (j4.17j) . Any linear dependence 

Cl 0(i) + . . . + Cn 0(«) = o 
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would give a vector invariant w.r.t. to the total monodromy operator M n M n _i . . . Mi 
corresponding to a big counter-clockwise loop around the origin. From (|4.24jl . ()4.25|) 
it follows that such an operator acts as follows 

(4.34) (^\...,^)^- q (^\...,^)S- T S. 
Here we denote 

s- T -.= (s T y\ 

The transformation ()4.34|) has an invariant vector iff 

det [qS- T S+l] =0. 

This coincides with degeneracy of the matrix (|4.12|) . The contradiction proves inde- 
pendence of the solutions. 

To complete the proof of Theorem in the non-resonant case we are to prove that the 
solutions (j)^ satisfy also the equations (|4.16|) . To this end we consider the fundamental 
matrix 

(4.35) S(A;u) := (0 (1) (A; «),..., ^ n \\;u)) 

(recall that the dependence of this matrix on u = («!,..., u n ) is determined uniquely). 
Due to compatibility of the system (J4.14j) . (|4.16|) the matrix 

'Ek{\-v + V) 



A — Ui 



is again a matrix solution of 1)4.14)1 . So it has the form 

'E t (l-v + V) 



+ Vi)$ = $Ti 



A — u 

for some matrix Tj independent on A. Using the expansions 
0(0 = (u. _ xy-\ 



e l + Cl{U \ ^ (Viei - 2H iei ) + O (m - A) 2 



with 



v + 



Hi 



A — > Ui 



It, 



v 2 

L.1 



2 Ui - Uj 



of the solutions ()4.19j) and 

ip = a + 0(u{ — A), A — > Ui, fu — i + V^j a = 

of any solution to (|4.14j) analytic at A = Ui we prove that Tj = 0. This completes the 
proof of Theorem in the nonresonant case (j4.17|) . 

Before going further we will give an interpretation of the bilinear form ( , )„ defined 
in (|4.12|) . Let us denote L{u) the n-dimensional space of solutions to the system (|4.14|) . 
(|4.16p . We have a natural pairing (cf. (|3.8|l ) 

L{-v) x L{v) -> C, 
(4.36) i> v ) := f_ v {\- u){U - A)^(A; u), i> v E L{v), </>_„ e L{-u). 
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It is easy to see that the pairing does not depend on A neither on u. Clearly, this 
pairing does not degenerate under the nonresonancy assumption (|4.17|) . 

Lemma 4.9. In the nonresonant case the matrix of the pairing w.r.t. the bases 

. . . , cj)^ and (jyll, ■ ■ ■ , 4>lI in L(y) and L(—p) resp. coincides, up to a scalar factor 

with HJUfy : 

(4.37) {^f) = { q 1,2 S + q - 1 ' 2 S T ) i3 . 

So, the formula for the monodromy transformations ^4-21]) can be recast into the form 

(4.38) = # - q 1/2 (j®, 

Proof We observe first that, for any i the solution ffi is orthogonal to any solution 
if) E L(—v) analytic at A = itj. So, using (|4.2(J|) we obtain 

(A^ ) )=?- 1/a (l + ff)^. 
Using (|4.3H1 , (|4.32|) we arrive at the proof of Lemma. □ 

Let us now proceed to the resonant case. We consider first the particular case v — | 
(actually, this is still a nonresonant case in the standard sense of the theory of linear 
ODEs with rational coefficients. However, the monodromy matrices appear to have 
nontrivial Jordan blocks). The matrices Ai are now all nilpotent, 

So they have just one block ( n 3. ) in their Jordan normal form. The monodromy 



matrix M» has n — 1 linearly independent eigenvectors with the eigenvalue 1 and, if the 

1 2ni' 

z-th row of the matrix V is nonzero, it has one Jordan block I n , ) . That means 



v° 1 

that there are n—1 solutions to (j4.14|) analytic at A = «j. One of these solutions 
belongs to the image of Mj — id. We denote it, like above, <fr- x > . It can be normalized 
in such a way that 

(4.39) W (A) = a + 0( Ui - A), A -> u { . 

Such a normalization determines the solution uniquely. A logarithmic solution denoted 
by X W corresponds to (f>^'(X) in the following sense 

(4.40) (Mi- id) X (i) = 2ttz0 w . 
Near A = Ui it can be written as 

(4.41) x « ( A) = \og( Ul - A) 0« (A) + 5 W (A) 

where 8^\X) is a vector-function of A analytic at A = ttj. It is easy to see that the 
value of this function at A = Mj must satisfy the condition 

(4.42) [V6®(\ = u i )]. = -1 

(here and below [ ]j stands for the z-th coordinate of the vector). To obtain a basis in 
the space of solutions to (j4.14j) with v — 1/2 we are to add to (p^ and where i is 
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fixed, n — 2 independent solutions analytic at A = U{. Any such a solution must 
satisfy, like in (|4.42|) . the equation 

[V^(X = Ui)}, = 0. 

We can always assume that the z-th coordinate of ip{u,j) is equal to zero. 

Globally the solutions (j>^\ ■ ■ ■ , (fi^ are analytic in ()4.6|) with the same choice of the 
branch cuts L±, . . . , L n as above. We define a matrix g % i in such a way that g u = 
and 

(4.43) 0«(A) = -L(^ x Cf)(A) + ana/ytzc, A — »• z ^ j. 

Z7T 2 

Like in Lemma f4. 51 using the last equation we prove 

Lemma 4.10. The monodromy transformation Mi acts onto the solution (jfi> as foil- 
lows 

{AAA) M i( f) {j) = <f) U) +g ij <p {i) . 

Observe that 



Let us introduce another system </>W , . . . , cj)^ of solutions to (j4.14j) with the same 
behaviour ()4.39|) but with the branchcuts along L\, . . . , L n . 

Lemma 4.11. The results of counter- clockwise/ clockwise analytic continuation of the 
solutions (p 1 ' , ■ ■ ■ , (j)^ are given by the following formulae 

(4.45) = (#W,...,#W)(1±C? ± ). 

Here G+/G- are the upper/lower triangular parts of the matrix G = (g 1 -')- 

Proof is similar to that of Lemma 14.61 

We introduce also the solutions x^ X \ . . . , x^ related to 4>^\ . . . , 4>^ by the formulae 

HU). 

Lemma 4.12. The matrix G has the form 

(4.46) G = S — S T . 

Proof We construct solutions to the system (|2.44jl using the following Laplace integrals 



Y?\z) = — & x {i) (*)e Xz d\ = -z I <f) {i \\)e Xz d\ 



(4.47) Y®(z) = T^~i X {i) We Xz d\ = -z I 0«(A). 



2vrz JLi 

Like in Lemma \A. 71 we prove that these are the columns of the matrix solutions Yl/r(z) 
to (|2.44jl having the asymptotic development ()4.30j) in Ul/r resp. From (|4.45j) we 
conclude that 

S = 1 + G+, S T = 

This proves Lemma. □ 



DUALITY FOR FROBENIUS MANIFOLDS 



33 



We define now an antisymmetric bilinear form on L(l/2) by one of the following 
three expressions: 
(4.48) 

(0, VOyj, := -27T V ip(\) = 2tt ^ (17 - A) ^(A) = -2vr T (A) (£7 - A) 

It is induced by the pairing L (— |) x L (|) — > C and by the shift operator L (— |) — > 
L (|) defined by (jTTlj) . 

Lemma 4.13. T/ie matrix of the bilinear form is 

(4.49) (^),#) 1/2 = -z(5-^)... 



Proof It is easy to see that (0^, "0) 1//2 = for any solution ^(A) analytic at A = u%. 
Using 1)4.42)1 we obtain that {^ l \x^)i/2 = F rom these two facts and from (J4.4H)) 



we derive that 



0^) 1/2 = -ig ij . 



1/2 

From Lemma f4. 121 we obtain ()4.49|) . Lemma is proved. □ 

As a consequence we obtain that, under the assumption ()4.9|) . (i.e., the assumption 
of nondegeneracy of the matrix S — S T ) the solutions <fr^ , ■ ■ ■ , < - n - ) form a basis in the 
space L(l/2), and that the monodromy transformations act in this basis as in (|4.11jl : 

Mi4>^ = 0^ - i (0»,0^) 0«. 
As above we prove that the functions 0*- 1 - ) (A; u), . . . , (n * ) (A; u) satisfy also the equations 

dun . 

We have proved Theorem for u = 1/2. To obtain the proof for i/ = — m + | with a 
positive integer m we just use the isomorphism 

d m 

— : L(l/2)-L(-m + l/2). 

This produces a basis in L(— m + 1/2) with the needed monodromy. Finally, for v = 
m + | with a positive integer m we use the non-degenerate pairing (|4.36)1 to construct 
a basis in L(m + 1/2) dual to the basis in L(—m + 1/2). This completes the proof of 
Theorem. □ 



We will now use the above Theorem in order to describe the geometry of the dis- 
criminant S w.r.t. the geometry induced by the intersection form. We first recall that, 
in any chart Fr(jl, R, e, S, C) on M ss the intersection E D M ss splits into the union of 
hyper surfaces 

(4.50) EnM ss = U£ =1 K = 0}, Ui^ Uj for i^j. 

We will describe the behaviour of the flat coordinates p 1 , . . . , p n of the intersection form 
on ([4.50)1 . Within any connected and simply connected domain in the coordinate patch 
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Fr(fi, R, e, 5, C) \ S one can choose, for d ^ 1 the particular system of coordinates by 
putting 

2 n 

(4.51) p» = — — J2 UiMu)4 a \u; A = 0; v = 0), a = 1, . . . , n 

(cf. the formula (|2.66j) ). Here the basis 0^ = . . . , 0n^) T of solutions to the 

Fuchsian system (|4.14j) is chosen as in (|4.19|) . Note that, due to ()4.37j) (for i/ = 0) one 
has 

(4.52) (dp a , dp b ) =:G ab =(S + S T ) ab . 

We will describe the limiting behaviour of the basis of the periods (|4.51|) near ([4.50)1 . 
The following statement is a refinement of Lemma G.2 in |12j . 

Theorem 4.14. Let M be a semisimple Frobenius manifold satisfying d ^ 1 and 

(4.53) det(S + S T )^0. 

Let D C Fr(£i, R, e,S,C)\Ec M ss \ E fc « connected simply connected domain such 
that EcD. Then the functions p 1 (w), . . . , p n (u) can be extended continuously up to 
S. With respect to this continuation the component 

u k = 

of £ becomes an affine hyperplane 

(4.54) p k = 0. 

Proof It is technically more convenient to compute the limiting behaviour of the A- 
periods 



(4.55) p a (u; A) = ^ - X^u)^ {u- A; v = 0) 



a = 1 n 



on Sa. Because of (14. 52(1 . 14.53)1 the functions ()4.55j) are independent. Note that the 
fc-th component of the intersection of £a fl M ss are the hypersurfaces 



u k = A. 



Near u k = A one has 



(4-56) #> = -^^(5* + OK-A)) 

and, for / ^ k 

(4.57) # } = -L=== [5\ + O(v^A)) . 



So, near Uk = \ 



2^2 



(4.58) p fe (w; A ) = 77^^i(«)A - A + 0(u k - A) 
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and, for I ^ k 

/2 

(4.59) p\u- A) = p l + J^G kl il> kl (uWu k -\ + 0(u k - A) 

where p l Q = p l (ui, . . . , u k , . . . , u n ; A) is an analytic function on 

Fr(fi,R,e, S,C)\{u k = X}. 

From these formulae the continuity of the functions ()4.55|) up to Ea readily follows. In 
particular, for A = one obtains continuity of the periods (j4.51J) up to E. Also ()4.54|) 
readily follows from ()4.58|) . The Theorem is proved. □ 



Observe that the angles between the hyperplanes 1)4.54)1 can be computed from the 
Gram matrix ([4. 52)) . 

We will now apply the formulae (J4.58)) . ()4.59)) in order to describe the analytic 
properties of the dual almost Frobenius manifold near E. 

Theorem 4.15. Under the assumptions d / 1 and \4-53[ ) the structure coefficients 

* c ab (p) °f the dual Frobenius manifold are continuous up to the hyperplane \4 ■ 54\ ) for 
all a, b, c except 

(4.60) *c kk = Y~d~k Gka + re § ular terms > P k 0- 

* c 

Proof Let us first derive a formula for c ab (u). We will use the coordinates (j4.55j) and 
we will set A = at the end of the computation. 

Lemma 4.16. At any point u = (m 1; . . . , u n ) G M ss \ E A one has 

d d *a d 
di b * dp c =Cbc W c 

where 

(4.61) c bc («) = G cd G b} ^jA^iv, xW\u; \)<j>f{u- A). 
Proof From ()4.3|) it follows that 

n 

dp a = ^ipn^^iu; \)dui. 

From the definition of the canonical coordinates it follows that 

dui ■ duj = 5ij%lj~^dui. 

So 

n 

dp a -dp b = Y^^^dui 
i=i 
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(we will omit writing the arguments u, X of the functions under consideration for the 
sake of brevity of the formulae). Using 



d a )A b ) — nab 

yui — /yjif 
i=l 

we derive that 

dui = ipa 1 ^ - X)G ab (pf > dp b . 

So 

n 

dp a ■ dp b = G cd V>aV* - A^fVfVf dp c . 

i=l 

In other words, in the coordinates (J4.55j) the structure coefficients of the multiplication 
• on the cotangent bundle read 

n 

c abf u \_n .V^»/,-i^,. \\A a )A h )A d ) 



1 Ti 
1=1 



But we already now that on the cotangent bundle 
Lowering the index 



*fa 
C c 

we obtain the needed formula. The Lemma is proved. □ 



C bc~ Gbf C c 



Prove of the Theorem. Substituting the expansions ([4.58)1 . (|4.59jl into the formula 
()4.6H) we obtain, near u k = X 

Ui — X 



c 6c =G cd G 6/ ^- 7 =— ; ——G ak G fk G dk 5t + 0(V^X) 

b 2V2tfj kiy /u k - X + ^ 

From this formula and from ()4.58|) the asymptotic formula ()4.60|) immediately follows. 
□ 

Similarly to (|4.51)l one can introduce, assuming d ^ 1 a system of n odd periods 

2 n 1 

(4.62) w a = — — J2uiMu)<l>i\u; X = 0; v = -), a = 1, . . . ,n. 

i=l 

From ()4.49j) it follows 

Corollary 4.17. The functions w 1 , . . . , w have the following constant matrix of the 
Poisson brackets hS.lty 

(4.63) < dw a V, dw b >=i(S- S T ) ab . 
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We will finally describe the behaviour of the fundamental system (<j>^\ . . . , 4>^) at 
|A| — > oo. For simplicity only the generic case (J4.17j) will be considered. 

Before we proceed to the formulation of the Theorem, let us recall some useful 
formulae from the theory of Laplace integrals. First, 

Xz. 



(4.64) J z s ~2e- Xz dz = Tys + -j\~ s ~*. 

This formula coincides with the definition of the gamma function for Res > — ~; for 
other s 3 Z + | it is obtained by analytic continuation. Differentiating, we derive 

* _ A .. d k „{ 1 



(4.65) J z s -*\og k ze~ Xz dz= -—^T ys + -)X 

We will also need a matrix analogue of the last formula. 
Lemma 4.18. The following formula holds true 



(4.66) 



f e- Xz z^ +s ~h R dz = V [e R9s ] T (fi + s + m+l) x \-(s+™+t+h)\-R. 



In this formula the m-th component [ ] of the matrix is defined like in ([2.22)1 . 
Proof We have 

e- Xz z s+ ^z R dz= I e-H^-h^+^+^-dtX-^+^X- 11 



o 

EE r e-W +s ~h- m [Rk]m k l ° gkt dtX-^ +s+ ^X- R 

m>0 k>0 
m>0 

EE 



k\ s ^ 2 J X r 

m>0 k>0 



m>0 k>0 



R k 



r(/t + S + m + -) X \-{H+s+m+\) x -R 
m 

The Lemma is proved. □ 

Theorem 4.19. At \X\ — > oo within the domain \4-6] ) the fundamental system of 
solutions d^.ify ) /ms i/ie following expansion 

$=(0W,...,0W) 

/2?r + ff" 172 )- 1 E E ^(*) t^] m F + - + A - - + ^) 

p=0 m>0 



(4.67) 
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Proof For Re v < < let us consider the matrix 



$(t;A) = -=(l + g- 1 ) / Y R (z;t)t ' ' 



2tt 'Jo z u+ i 

Here the integration is to be performed along a ray on the z-plane belonging to ITr. It 
is a fundamental matrix of solutions to (j4.14j) analytic in (|4.fi|) satisfying the following 
property: the i-th column of A) near A = itj behaves 

(<&o(t; A))i = A) + analytic 

and it is analytic near A = Uj for any j ^ i. Using (|4.20|) . ([4.31)1 . ()4.32|) we obtain 

(4.68) $„(*; A) = (1 + q) A), . . . , <^>(t; A)) (q S + S^ 1 . 

On the other hand, we can obtain the expansion of $(i; A) near the regular singularity 
A = oo replacing Y L by Y C and integrating the series ()2.47|) 

f°° Hz 



i + q- L ) / r MK 



X 27T '7o z 1 ^ 

r>00 



2tt 



i +g -i) / Y,®p(t> p+(l - u ~ 

./(J p 

1 + E E [ e ^ s 1 m r( P + m + a - ^ + ^) 



V2tt 

(4.69) xA -(p+m+A-^+| A -ii 

Comparing ()4.68|) and ()4.69|) we obtain ()4.69|) . Theorem is proved. □ 

We will now compute the matrix of the bilinear form ()4.36|) in the basis given by the 
columns of the matrix $o- 

Theorem 4.20. In the basis of the columns of the matrix $o the bilinear form \4 ■ 3b\) 
is given by the matrix 

.2 r / 1 /9 — it i R -t.T, _1/9 »i B ^.'/"Al-l 

I ij 



(4.70) ($ (-z/),$ J >)) = (q 1/2 + q- 1/2 f [rj ( g V2 e -™« e -™A + g-^V* V^)] 1 



Proof From the proof of the previous Theorem we obtained that 

$ (z/) = $(z/)M(z/) 

where 

M(v) = (l + q^qS + S^C. 

According to the formula ()4.37|) it remains to compute the product of the following 
matrices 

M T (-u) {q l / 2 S + q- l / 2 S T ) M{v). 
This can be easily done using 

(4.71) S = Ce^ lR e'^ i ' 1 'q- 1 C T 

(4.72) S T = Ce wiR e ni ^ 1 C T '. 

The Theorem is proved. □ 
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In particular, for v — (i.e., q — 1) one obtains the Gram matrix of the intersection 
form in the basis given by the flat coordinates with good behaviour at A = oo. Recall 
that this Gram matrix was used in the free field realization of the Virasoro operators 
associated with the given Frobenius manifold ^H] • The general formula (J4.7U)) was used 
in for regularization of the Virasoro operators in the resonant case. 

5. Examples and applications 

5.1. Almost duality in the singularity theory. Let us compute the twisted periods 
for the Frobenius structure arising, according to the K.Saito theory 0tj, of primitive 
forms (see also E21 IHH HH EEl 123), on the base of the universal unfolding (i.e., on 
the parameter space of a versal deformation of the singularity) of an isolated singularity 
f(x), x G B C for a sufficiently small ball B, f(x) = 0, df(0) = 0. Denote ft(x) 
the corresponding versal deformation, t = (t 1 ,. . . ,t n ) are the flat coordinates [331221 
on the base Mf of the versal deformation, n is the Milnor number of the singularity. 
The discriminant £ C Mf consists of those values of the parameters t for which the 
fiber / f _1 (0) HB is singular. The locus T,\ (see (|2.51|) is defined in a similar way by the 
conditions of singularity of the fiber ff (X) n B for A sufficiently close to 0. The period 
mapping in the singularity theory [33 EH] 

n:M f \Z^H N - 1 (/f^nS) 

(5.1) t ^ [u t (x)} 

is obtained by choosing a holomorphic (N — l)-form on (Mf \ S) x B closed along the 
fibers / t ~ 1 (0)- The coordinate representation of the period mapping is a multivalued 
vector-function 

(5.2) n (t)=((b u t (x),..., <b uj t (x)j 

where <Ti, . . . , a n G -£/tv-i (/t _1 (0) PI B; Z) is a basis of vanishing cycles. Multivalued- 
ness of the period mapping is encoded by an action of the monodromy group W of the 
singularity in the space of vanishing homologies. If the differential form Ut(x) is chosen 
in a clever way then 7r is a local diffeomorphism. Then the isomorphism 

(5.3) dix, : H N ^ (f t -\0) n B- Z) -> T t *M f 

dual to the differential dn defines a bilinear form ( , ) on the cotangent bundle to 
Mf \ E induced by the intersection index pairing on the homologies. This bilinear form 
is symmetric/skew-symmetric for N — 1 even/odd. 

To identify the above period mapping and intersection form of the singularity theory 
with those coming from the theory of Frobenius manifolds we are to assume that: 1). 
iV = l(mod4). 2). The differential form u t (x) must be a good primitive form in the 
sense of the K.Saito's theory of primitive forms |4L)j . For the case of simple singularities 
an explicit construction of a good primitive form was obtained by M.Noumi [33]. For a 
general hypersurface singularity existence of a good primitive form has been proved by 
M.Saito |32]- Recall |2H that for the case of simple singularities the period mapping 
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(N — 1 must be even) produces an analytic isomorphism 
(5.4) M f -> C n /W. 

The flat coordinates on Mf in this case are given by a certain remarkable basis of 
homogeneous W-invariant polynomials. Their intrinsic contruction in terms of the 
Weyl group and its generalization to an arbitrary finite Coxeter group was found in |41j . 
The construction of the Frobenius structure on the orbit spaces of finite Coxeter groups 
was obtained in ^1] (see also [12] )• Some further generalizations of this construction 
see in 



We will consider here only the case of simple singularities labelled by Weyl groups 
of simply-laced Lie algebras [I], i.e., by Dynkin diagrams of ADE type. The reader 
may have in mind the example of the A n singularity 

(5.5) f(x) = x n+ \ f t (x) = x n+1 + a x x n - x + • • • + a n , x G C. 

Here ai, . . . , a n are polynomials of t 1 , . . . , t n that are constructed in the following way 
Let us consider the series 



i 



k := f" +1 (x)=x + -^—x- 1 + O (x- 2 ) . 

The flat coordinates t a = t a (ai, . . . , a n ) are defined as the first n nontrivial coefficients 
of the inverse function expansion 

1 / +n j-n-1 j-1 \ 

X = k + ^— ( t - + l— + ... + L) +o (k~^) . 

n + l\ k k 2 k n J v ' 

The discriminant S consists of all polynomials with multiple roots. The subspace 
t G M ss C Mf consists of all polynomials ft{x) that are good Morse functions, i.e., 
all their critical points are nondegenerate and the critical values are pairwise distinct. 
The dependence ft{x) on the flat coordinates satisfies the following identities 

.7 J. , r,a d ft 



(5.6) 8 a 
Here 



dx a 



(5.7) (f) a = <f> a (x;t) := d a f t , 

c a/3 = c a/3^) are ^ ne structure constants tensor of the Frobenius manifold, the poly- 
nomials K®g = K"Jx;t) are defined by (|5.fij) . we assume also a summation w.r.t. 
Latin indices a etc. from 1 up to N. The versal deformation can be chosen to be a 
quasihomogeneous one, i.e., it satisfies also the identity 

(5.8) /^E^^ + D 1 -^)^ 

a=l a 

with some rational numbers r±, . . . , rjv satisfying 

, . N-d 
(5-9) E r - = — 5-' 
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(5.10) 



d 



1 



m a + l 

h : 



h being the Coxeter number and m±, . . . , m n the exponents of the Dynkin diagram of 
the singularity. 

We want to show that the twisted periods can be computed as the loop integrals of 
the following form 



(5.11) 



pit] v) 



ft 



iV-l 
2 



(x)d N x. 



Here 7 is a cycle in [B \ f t 1 (0), L(g)) where the local system L(g) is defined by 

multiplication by (— q where q := e 2 '* 11 ' (see details in [21] )• To this end we are 
to prove that the (multivalued) functions £ a (t; v) of t 1 , . . . , t n 



(5.12) 



6, 



<t> a (x;t)ft-\x) d N x, 
N — 1 



v 



v 



satisfy the system ()3.10|) We will omit the reference to the cycle 7 in the computations. 
What we will use of the symbol of loop integral is the usual properties that the inte- 
gral of a total derivative vanishes and that the derivatives of the integrals along the 
parameters t coincide with the integrals of the derivatives. 

Proposition 5.1. The functions satisfy the system \3.1U\) for the gradients of 

the twisted periods of the Frobenius manifold My. 



Proof Multiplying (J5.8)) by (ftp and using (J5.6j) we obtain 



2 raX ^ 



dx° 



Ujcft^ 



X 



Another identity we obtain differentiating ()5.8|) along dp: 



(5.13) 



dx a ^— ' dx a 

a a 

Now, differentiating ()5.12j) and using (|5.fi|) we obtain 



1)^ 



ff~ 2 d N x. 



"yJt 



Here we have eliminated the divergence term 



ep rv' — 1 

~Jt 



TSCl fv' — l 



dx a 1 ep dx a * dx a 

Multiplying the last equation by and using associativity and (|5.6jl . ()5.8|) we obtain 



<ft-yr a x a + - q e )f K a tl 



dx a 



d»x. 
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Integrating the last integral by parts and using ()5.13|) we arrive at 

7 a 

Due to (|5.13|) . this coincides with (|3.1U|) . Proposition is proved. 

One can construct a basis of vanishing cycles o~i, . . . , a n in ifAr_i(/ t _1 (0) fl B,Z) 
for any t G Mf \ E. The basis varies continuously with small variations of t. It is 
of particular convenience to choose a so-called distinguished basis of vanishing cycles 
corresponding to the properly ordered critical values Ui(t), . . . , u n {t) of ft(x) connected 
by non- intersecting paths to the origin (see, e.g., j2]). The Givental's construction [2T] 
gives a way to associate to it a basis 7i, . . . , 7 n in the homology H N (£? \ /i _1 (0), L(g)). 
Taking the integrals 

(5.14) p^t; v)=l g(x)d N x, . . . ,p n (t; u) = I ff(x)d N x 



we obtain, locally on Mf \ S, the twisted period mapping. Globally the monodromy 
of the mapping is described by twisted Picard - Lefschetz formulae found in 21j). In 
the next Section we will derive the analogue of these formulae for the monodromy of 
the twisted period mapping on an arbitrary semisimple Frobenius manifold. 

5.2. Frobenius and almost Frobenius structures on orbit spaces of finite 
Coxeter groups. Let W C End(M. n ) be a finite irreducible Coxeter group. In JI] it 
was constructed a structure of polynomial Frobenius manifold on the orbit space 

(5.15) M = C n /W. 

A coordinate system on the orbit space is given by choosing n homogeneous IV-invariant 
polynomials y 1 ^), . . . , y n (x) generating the ring C[x l , . . . , x n ] w of W-invariant poly- 
nomials on C n . The first metric ( , ) on the orbit space reads 

(5.16) (^^)=E^^ Gab = ^^)- 

a, b 

Here G ab = (<ix a , dx b ^j are the contravariant components of a W- invariant Euclidean 
metric on W 1 . The components g^(y) are polynomials in y 1 , . . . , y n (cf. jS]). The 
second metric |4*T) |4*U] is given by 

(5-17) <d rf td yi >= ??M 

assuming that h = degy 1 (x) is the maximum of the degrees of the basic invariant 
polynomials. The discriminant £ C M consists of all orbits containing less than \W\ 
points. Alternatively it can be described as the image of the (complexified) mirrors of 
all reflections in M. n C C n w.r.t. the natural projection 

C n -> C n /W = M. 

Outside these mirrors the projection is a local diffeomorphism onto M \ E. The period 
mapping 

p 1 (y\...,y n ),...,p n (y\...,y n ) 
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is given by inverting this local diffeomorphism, i.e., by solving the system of algebraic 
equations 

y\ P \ ..., P n ) = y\ y\v\ ■■■,P n ) = v\ ■ ■ .,y n (p\ • • • ,P n ) = y n - 

The flat coordinates of the flat pencil (|5.16|) . (J5.17j) are determined by the system 

(5.18) y\p\ . . . ,p n ) = y 1 - A, y\p\ . . . ,p n ) = y\ . . .,y n (p\ ...,p n ) = y n 

where, we recall, the degree of the polynomial y 1 (x) is the maximal one. 

We give now the formula for the dual potential -F*(x) for the case of polynomial 
Frobenius manifolds defined on the orbit spaces of finite Coxeter groups (see above). 
Let A + be the set of all positive roots of the Coxeter group W C End(M. n ). The 
hyperplanes 

(a, x) = 0, a E A + 

are all the mirrors of the reflections in W. Let us normalize the roots by the condition 

(a, a) = 2. 

We will identify the roots a with the linear functions x i— ► (a, x). 

Theorem 5.2. For any finite irreducible Coxeter group the function F*(x) defined on 
the universal covering of 

(5.19) C n \U aeA+ {(a,x) = 0} 
has the form 

(5.20) F m {x) = ^Y1 « 2l °g« 2 - 

aeA+ 

Proof For the Frobenius manifold under consideration the discriminant S is a finite 
union of hyperplane in the Euclidean space R n . From the Theorem 14. 151 we know that 
all the singularities of F* (x) must be on these hyperplanes only. The third derivatives of 
F*(x) must have singularities of the from (|4.60j) . So, they are meromorphic functions 
on R n with simple poles along the mirrors of the reflections of the Coxeter group. 
Clearly the function F*(x) is determined by these analytic properties uniquely up to 
adding of a quadratic factor. Let us check that the formula (|5.19|) satisfies the needed 
analytic properties. 

Let ex, . . . , e n be a basis of IR™. As above we denote 

G ab = (e a ,e b ), (G ab ) = (G^y 1 . 

We also put 

a a := (a, e a ), a = 1, . . . , n, a E A+. 
Taking the triple derivatives of F*(x) we obtain 

(5.21) £ W = | E T^T G " 

2 (a,x) 

The singular part of this formula near the mirror (a,x) = coincides with (J4.6U|) since 

1 h 



1-d 2 
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The Theorem is proved. □ 

Remark 2. Associativity of the family of algebras follows from Corollary 13.21 It 
can be proved also by straightforward computation jnHEHl- Remarkably, A.Veselov 
recently found [U] other examples of solutions to the associativity equations given by a 
formula similar to (J5.21|) . In the Veselov's examples the so-called deformed root systems 
are used. Recall that deformed root systems were discovered in the theory of multi- 
dimensional integrable linear differential operators (see [H] and references therein). We 
do not know if Veselov's structures satisfy the Axiom AFM3. 

Corollary 5.3. The twisted periods as functions of the Euclidean coordinates x 1 , . . . , 
x n satisfy the following system of linear differential equations with rational coefficients 

(5.22) b A = ^ £ t^ g ^ e. = 

Example 2. To construct the almost Frobenius structure for W = W(A n ) it is 
convenient to start with the standard action of W — S n+ i on M n+1 by permutations of 
the coordinates xq, X\, . . . , x n . Introduce the function 

(5.23) F.(x) = J2^ Xi ~ x of 

i<j 

Together with the Euclidean metric 

(5.24) (dxi, dxj) = 5ij 

the third derivatives of F*(x) give the following multiplication law of tangent vectors 
di := d/dxi 

(5.25) d i *d j = - n + ldi ~ dj , i?j 



X j , 



The vector field 



di *di = -2jd, *dj. 



has zero products with everything. Factorizing over this direction one obtains an almost 
Frobenius structure on 

M* = {x + xi H h x n = 0} \ U^jixi = xj}. 

The unity = Euler vector field equals 

i 

the vector field e of the axiom AFM3 reads 



E = 

n + 



1 

i J ^ l > i=0 
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The equation ()3.25|) for the twisted periods coincides with the classical Euler - Poisson 
- Darboux equations 

(5.26) didjp = ^ — (dip - djp), i ^ j. 

Recently these equations proved to play an important role in the theory of dispersive 
waves [to] 122]. 



5.3. Almost duality and Shephard groups. Shephard groups are the symmetry 
groups of regular complex polytopes. It is a subclass of finite unitary reflection groups. 
By definition a unitary reflection is a linear transformation 

g ; C" ' -> C™ 

having a hyperplane of fixed points such that the only nontrivial eigenvalue of g is a 
root of unity. A finite unitary reflection group G by definition is a finite subgroup in 
GL(n,C) generated by unitary reflections. The book jSTj is an excellent introduction 
into the theory of unitary reflection groups. 

Of course, any finite Coxeter group is a Shephard group. Besides this, there are 
two infinite series and fifteen exceptional cases of irreducible Shephard groups (see 
Table 1 below). It was discovered in jHSj that, for any Shephard group G there is an 
accompanying finite Coxeter group W. The group G is uniquely determined by the pair 
(W, k) where the number k was defined in ([5.28)1 . Let us represent this correspondence 
describing the Shephard group associated with (W, k) in terms of the monodromy of 
twisted periods on the Frobenius manifold Mw- 

According to Chevalley theorem, the quotient 

(5.27) Mq = C n /G 

carries a natural structure of graded affine variety. One can use a basis homogeneous 
G-invariant polynomials f 1 {z), . . . , f n {z), z = (z 1 , . . . , z n ) G C n as the graded affine 
coordinates on M G . Let us order them such that 

(5.28) deg/ 1 ^) = max = h G > degf 2 (z) > •• • > deg/ n (^) = min =: 2k. 

The class of Shephard groups is selected by the following remarkable property [SH] > see 
also [3*7] . 

Theorem 5.4. For a Shephard group the Hessian of the basic invariant polynomial of 
the lowest degree is a nondegenerate matrix for generic z. Conversely, nondegeneracy 
of the Hessian completely characterizes irreducible Shephard groups among all unitary 
reflection groups. 

We give here a nice differential-geometric interpretation of the Hessian reinterpreting 
the results of Orlik and Solomon (321 EH] ■ 

Let us denote 

(5.29) h^z) = (h*{z)) = (h^z))- 1 . 
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The G-bilinear form 
(5-30) (df,df):=^ k ^h kl (z) 

is defined on the cotangent planes T*Mq everywhere due to the following statement 

Theorem 5.5. The functions (df l ,dfi) are polynomials. The determinant det(df l ,dfi) 
vanishes exactly on the collection of mirrors of the group G. 

Because of G-invariance one can represent (df l ,dfi) as polynomials in f x {z), 
f n {z) 

(5-31) (df'.dn :<,'!(f). / (/ ; /"). 

We obtain a polynomial flat metric on T*Mg- Define an analogue of K.Saito metric 

by 

(5-32) r,»(J) := ^jf-. 

From it follows 
Theorem 5.6. The metric (\5. Sty on T*Mq does not degenerate anywhere. 

The main step in establishing a connection between Shephard groups and Coxeter 
groups is 

Theorem 5.7. The polynomial metrics \5. SI]) . \5. Sty together with the unity vector 
field 

d 

and the Euler vector field 

n 8 

E=hc 1 J2( de &f i )f 

i=i 

form a flat pencil. 



dp 



The flat coordinates for the metric (|5.32|) are given by a distinguished system of 
homogeneous flat generators in the ring of G-invariant polynomials. Flat generators 
exist also for other unitary reflection groups |HZj, but they are not flat coordinates of 
a natural metric on the orbit space if G is not a Shephard group. 

The following two statements immediately follow from the Theorem 15.71 

Corollary 5.8. The orbit space Mq of a Shephard group G carries a natural polynomial 
Frobenius structure. 



Due to the Hertling's theorem |23j the Frobenius manifold Mq must be isomorphic to 
the orbit space of a finite irreducible Coxeter group W. This is just the accompanying 
Coxeter group for G\ 
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Corollary 5.9. The Hessian quadratic form 

(5.33) ds 2 := J.^ f dzW 
is a flat metric on 

(5.34) Mq := C n \ {mirrors of G}. 

If G is itself a Coxeter group then the metric ()5.33|) coincides, up to a constant factor, 
with the Killing form. 

Let us make a digression about the flat metrics representable in the Hessian form. 
Remarkably, our old friend associativity equations arises also in this setting! 

Proposition 5.10. 27J. Let f(z) be a smooth function of z = (z 1 ,...,z n ) such that 
the Hessian does not degenerate in some domain QcM™ 

^ ^ K dz i dz^ / ^ ^ 

Denote 

'd'f(z) 



(5.35) (/»<*(*)) := 

the inverse matrix. Then the metric 



d&dzi 



j 2 d 2 f(z) . . 
ds 2 := _ .1 . dz % dz 3 
az^-oz 3 

on Q has a zero curvature iff the function f satisfies the following system of associativity 
equations 

(5.36) 93f{z) h«(z) d3fiz) = 93fiz) h«(z) 93f{z) . 

dz l dzWz s dz t dz k dz l dz l dzWz s dz t dz k dz l 

for all i, j, k, I. 

Proof Let us denote by superscripts the partial derivatives of / w.r.t. z l , z\ etc. An 
easy calculation gives the Christoffel coefficients for the Levi-Civita connection for the 
metric ds 2 : 

T k - = -h ks f ■■ 
1 13 2 Js%:1 ' 

From this one readily derives the following formula for the Riemann curvature tensor 
of the metric 

^ijl = P fpgj^ q fsil ~ 7^ P fpqih 9 fslj- 

Vanishing of this expression is equivalent to ()5.36jl . □ 



We will now describe a natural class of flat Hessian metrics associated with a Frobe- 
nius manifold. 
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Proposition 5.11. Let M be an arbitrary Frobenius manifold with the charge d 7^ 1. 
Let 



(5.37) 



z % := p l (t; u), i = 1, . . . , n 



be a system of independent twisted periods on M\ E. Here v is a fixed complex number 
satisfying 

(5.38) v ± 



Denote 
(5.39) 



: - ( dz v dzi 



the Gram matrix of the intersection form \2.^ on TM written in the coordinates z 1 , 
z n . Put 



(5.40) 



/(*) 



1-d 



v 



where t\ = r]i a t a must be represented as a function of the coordinates z. Then this flat 
metric can be written in the Hessian form 

d 2 f(z) 



(5.41) 



dz l dzi 



Observe that the function f(z) is a homogeneous function of z = (z 1 , . . . , z n ) of the 
degree 

deg/(z) 



(5.42) 

This easily follows from 
and 



l-d 



+ u 



LieEti = (1 — d)t\ 
l-d 



LieEZ 1 



+ v 



(see (El ). 

Proof Let us compute the Hessian of the function (|5.4(J|) . We have, due to (|2.69j) 



2 d 2 f dp a dp b a d 2 p h 



^ 5 ' 43 ^ l-ddz^zi """dz^dzi ' ~ aoe dzidzi 

The first term coincides with the metric (|5.39|) . Let us compute the second one. 
Rewriting 

d 2 p b d ( dp b \ dp c 



and using 



dz^zi dp c \dz i J dz'J 

dp b dz s b 
lh°dpd ~ d 
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yields 

d 2 p b dp b d 2 z s dp d dp c 
dz % dz 3 dz s dp c dp d dz l dz 3 

We now use the equation (|3.25|) for twisted periods to recast the second term in (|5.43j) 
as follows 

a d 2 p b a * dp c dp d 

^*abP ,• <-) a ^ P C-acd o ; o J ■ 

OZ l OZ 3 OZ l OZ 3 

The last step in the proof is to use is that, the vector field 

r, 1 ~d a d 
E = p a 



2 r dp a 

is the unity on the dual almost Frobenius manifold M*. Therefore 

a * ^ 
P C ac d— ~ 'Med- 

1 — a 

This proves that the second term in (|5.4Hjl is proportional to the first one: 

a d 2 p b 2v dp c dp d 



G ab p a —t— = -G 



dz l dz 3 1 — d cd 'dz % dz 3 
This proves the Proposition. □ 

Summarizing the above results we arrive at the main statement of this Section. 

Theorem 5.12. Let W be a finite Coxeter group acting in the n- dimensional space. 
Denote h the Coxeter number ofW. Let e\, . . . , e n be a basis of simple roots normalized 
by (ej,ej) = 2. Introduce an upper triangular matrix S such that 

S u = l, Sij = (e;, Cj) for i < j. 

Let v be a rational number such that 

det{qS + S T ) ^0, q:=e 27rl 

and the monodromy matrices M\(q), . . . , M n (q) of the form {j4-ctc>[ ) generate a finite 
irreducible subgroup G in GL(n, C). Then G is a Shephard group with the accompanying 
Coxeter group W and 

(5.44) 1 



1 -hv 



where h is the Coxeter number of W . Conversely, if (W, k) is as in Table 1 then the 
monodromy matrices M\(q), . . . , M n (q) of twisted periods p a (t; v) with 

< 5 - 45 > "404 

generate the Shephard group associated with (W, k) 
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G 2 
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G 2 


10 
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3 


Gu 


/ 2 (io) 


6 


G 2 \ 


A 3 


3 


G 2 5 


B 3 


3 


G 2 Q 


A, 


6 


Gs 2 




Table 1 





Example 3. Let us consider the particular case of the group G 25 C GL(3). This is 
the group of symmetries of the celebrated Hessian configuration consisting of 9 inflec- 
tions of a generic plane cubic. The ring of the G^-invariant polynomials is generated 
by the classical Maschke polynomials 

C 6 (z) = z\ + z% + z% - \§{z\z\ + z\z\ + z\z\) 
C,{z) = {zl-zl){zl-z\){zl-z\) 

(5.46) C 12 (z) = (zf + z\ + zl) [{z\ + z\ + zlf + 216^f] . 

The Hessian flat metric reads 

^ds 2 = 3(z*dzl + z\dz\ + z\dzl) - 2(z\ + z\ + z\){z x dz\ + z 2 dz\ + z 3 dzl) 

(5.47) —6(zfz 2 dzidz2 + z\z\dz 2 dz 3 + z\z\dz 3 dz\). 
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The flat coordinates x\, X2, £3 of this metric are algebraic functions of Zi, z%, Z3 to be 
determined from the system 

Cq(z) = x\ + x\ + x\ 
C 9 (z) = -xix 2 x 3 

(5.48) C n (z) = (x\ + x\ + X3) 2 - ?>{x\x\ + x\x\ + x\x 2 z ), 

dz i d 2 C 6 (z) dz j 10 



-5, 



kl- 



dx k dz l dzi dx 1 3 

The inverse functions z% = Zi(x\, X2, £3) are twisted periods on the Frobenius manifold 
Ma 3 with v = |. Comparing with the integral representation ()5.11|) of the twisted 
periods we obtain an interesting realization of the group G25 by the monodromy of 
Abelian integrals of the form 



x 4 + ax 2 + bx + c) s dx. 



The Theorem 14.31 gives the following matrix realization of the generators of G25 

f-q q 0\ (I 0\ 

Mj = 10, M 2 =\l-qq\, M 3 = 






where 

7T j 

q = e 3 . 

5.4. Twisted periods for QH*(CP 4 ) and the mirror of the quintic. Let M = 

QH*(CP d ) be the Frobenius manifold corresponding to the quantum cohomology of 
the (i-dimensional complex projective space. It is a semisimple Frobenius manifold of 
the dimension n = d + 1. The flat coordinates £1, ■ ■ ■ , td+i on it are in one-to-one 
correspondence with the standard basis 1, uj, . . . , u d in H*(CP d ) (we now write all 
lower indices for the sake of graphical simplicity). Here the two-form uj e H 2 (CP d ) is 
normalized by the condition 

/ LU d = 1. 

The algebra structure on the tangent planes T t M becomes particularly simple at the 
points of the small quantum cohomology locus 

(5.49) t=(t 1 ,t 2 ,0,...,0). 
At this points we have 

(5.50) T t M ~ C[uj]/u d+l = e' 2 , w «-> 9 2 . 

At the point of classical limit t 2 ^ —00 the algebra (|5.50|) goes to the classical coho- 
mology algebra of the projective space. Let us describe the twisted periods at the locus 
(|5.49jl . It will be convenient to consider them as a function of t 2 and A introducing A 
as in the beginning of Section 3. 
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Proposition 5.13. The twisted periods p = p(t; v) at the points ^5.4^ are determined 
from the following hypergeometric equation 

d 

(5.51) d d+1 p = e' 2 ^ (d+1) J] 



m=0 



t . <N _ 1 — d 
-{d + l)d 2 + — — + v - m 



P 



an 



d from the quasihomogeneity condition \3. 



(5.52) 



hdtp +(d+ l)d 2 p 



+ v ) p. 



Proof The simplest way to derive ()5.5H) is to represent p as the Laplace integral 



P 



t(t; z)e 



dz 



z v+ i 



(cf. (j4.13|0 and then to use the differential equation for the deformed flat coordinates 
t on the original Frobenius manifold. On the locus ()5.49|) the latter reads 

(5.53) 

dii = zt 

(5.54) 

Substituting 



d d +H = z d+1 e t2 i 



d-2 

zd z t = ti<9it + (d + l)d 2 t + 1. 



t(t;z) =z p+1 * j e Xz p(t-\) 
into the equation ()5.54|) and integrating by parts we obtain 



(d + 1) 



d+l 



-Xd x + — — + v 



d+l 



— e 



\d+l 



p = 0. 



We obtain a similar equation for the dependence of p on ti since di = —d\. Setting 
then A to zero and using the quasihomogeneity condition ()5.52|) ). we obtain ()5.51|) . 
Proposition is proved. □ 

Corollary 5.14. Odd periods on the Frobenius manifold M = QH*(CP 4 ) at the points 
{j5.4yj ) with t\ — — 1 are given by the periods of the holomorphic three-form on the Calabi 
- Yau three-fold dual to the quintic in CP 4 . 

Proof The equation (|5.51j) for the odd periods can be integrated once in t 2 to produce, 
at ti = —1, the Picard - Fuchs equation |5 for the periods of the Calabi - Yau three-fold 

Uo + ■ ■ ■ + U4 — 1, Uq . . . = e t2 

dual to the quintic in CP 4 : 

(5.55) d 4 2 p = 5 (5<9 2 + 1)(5<9 2 + 2)(5<9 2 + 3)(5<9 2 + 4)p, 

duo A • • • A du4 



d(uo + • • • + U4) A d{uo . . . U4) 



Corollary is proved. 



□ 
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5.5. Prom a Frobenius manifold to the Seiberg - Witten prepotential. Let M 

be an arbitrary n- dimensional Frobenius manifold with eigenvalues of V distinct from 
1/2. We will study the properties of the odd periods on the 2n-dimensional manifold 

(5.56) M ®QH\CP X ). 

The construction of tensor product of Frobenius manifolds, introduced by R.Kauf- 
mann, M.Kontsevich, and Yu.I.Manin, generalizes the procedure of computation of 
Gromov - Witten invariants of Cartesian product of two smooth projective manifolds. 
Let us denote t 1 , . . . , t n the flat coordinates on M. For simplicity we will assume that 
V = fx is a diagonalizable matrix and we choose the flat coordinates in such a way that 

r} aj3 = 5 a+/ 3 !n+1 , V = diag (fj, u . . . , fi n ), /i a + fi n - a+ i = 0. 

The flat coordinates on QH*(CP 1 ) we redenote (t 1 , s), so the potential and the Euler 
vector field read 

(5.57) F CP i = -{t x fs + e s , E = t% + 2d s . 

The tangent spaces to (j5.56J) has the structure of the tensor product 

(5.58) T (M ® QH^CP 1 )) = TM <g> H*(CP l ). 

So the flat coordinates on the tensor product can be naturally labelled by pairs (a', a") 
with a' = 1, ... ,n, a" = 1, 2. We identify t a 1 with t a and t 1 2 with s, and we 
consider the "coordinate cross" 

(5.59) t a ' 2 " = 0, a' = 2,...,n. 

The points of the coordinate cross will be coordinatized by pairs (t, s), t — (t l , . . . , t n ) G 
M. 

The Frobenius structure on ()5.56|) is uniquely determined, according to |26j . in a 
neiborhood of the coordinate cross by the initial condition that, on the coordinate 
cross, 

(5.60) T (M) M ® QH^CP 1 ) = T t M <g> T.QH^CP 1 ) 

is an isomorphism of Frobenius algebras. The Euler vector field of (|5.56|) on the coor- 
dinate cross reads 

(5.61) Em®qh*(cp 1 ) = E + 2d s . 
The operator /i of (|5.56j) thus acts as follows 

/i(e a <g> ei) = (n a - -)e a ® e x 

(5.62) /i(e a ®e 2 ) = (/ia + ^)e Q (g>e 2 . 

Hence the Poisson bracket ()3.12j) on the tensor product has the form 

(5.63) {t a ' 2 \t^"}=^^-\l 
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other brackets vanish. This Poisson bracket induces a symplectic structure on the 
tensor product ()5.56|) 

9 - 1 

(5.64) n = -=—ds A dt n + V(/i a + -Y l dt a ' 2 " A dt {n - a+iyi ". 

1 — a / — ' 2 

Particularly, the n-dimensional planes 

(5.65) L s := |s = fixed, t a 2 = 0, a = 2, . . . , n, t 13 1 = arbitrary, f3 — 1, . . . , n j 

are Lagrangian submanifolds in M <g> QH*(CP l ). 

We will now construct another system (X 1 , . . . , X n , Yj_, . . . , Y n ) of canonical coordi- 
nates using odd periods on M <g> QH*{CP X '). We will choose an appropriate polariza- 
tion in the space of odd periods on (J5.56j) and we will compute the generating function 
S = S(X, s) of the family of Lagrangian submanifolds 

(5.66) Ls = jy a = ^M, a = l,...,n}. 

The generating function will be found as an expansion near the point of "classical 
limit" s = — oo. For the particular cases where M is one of the polynomial Frobenius 
manifolds of the ADE type (see Section 2 above) we will identify the generating func- 
tion with the Seiberg - Witten prepotential of the four-dimensional supersymmetric 
Yang - Mills with one of the ADE gauge groups resp. 

Let us spell out the differential equations for the components of odd period mapping 
on the tensor product ()5.56|) . For any odd period w we introduce row vectors p = 
(pi,...,Pn), q= (qi,---,q n ) 



dw dm dw d 



Pa dt a ' 1 " ~ dt a7 q ° ^' 2 '" qi ~ ds' 

Lemma 5.15. At the points of the coordinate cross h5. 59(1 on M ® QH*(CP l ) the 
differential equations \4-l\) w ^h v — 1/2 read 

d a p-U + 2d a q = p(fj, - ^)C a 
(5.67) d a q ■ U + 2Qd a p = q(fi + l -)C a 



(5.68) Qd Q (p,q)^ 2 u )=(p,q)\^ + i Q 

where Q = e s . 

Proof is given by straightforward computation using (|4.1|) . ()5.60|) . ()5.62|) . and ()5.57|) . 

Particularly, near Q = one can rewrite the equation (|5.68jh for t G M \ S, in the 
form 

(5-69) d Q (p,q) = ^(p,q)A + O(l) 
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where 

( °\ 

A »-\^ + \)u-^ o)- 

Therefore Q = is a regular singularity of f)5.68j) . The Jordan normal form of the 
matrix A consists of n 2 x 2 nilpotent Jordan blocks. So the system ()5.68|) admits n 
independent solutions analytic at Q — 0. They can be completed to produce a basis by 
adding n solutions behaving like log Q at Q — > . We will now explain how to choose 
this basis in order to obtain solutions to the full system ()5.67|) - ()5.68j) . 

Theorem 5.16. Let (x l (t), . . . , x n (t)) be a system of independent flat coordinates of 
the intersection form on M defined locally on M \ E. Denote 

G ab = (dx a ,dx b ), (G ab ) = (G ab )~ 1 . 

Then there exists a basis of odd periods on M <g> Qif*(CP 1 ) can be represented in the 
form 

(X% Q), . . . , X n (t, Q),Yi(t,Q),..., Y n (t, Q)) 
where, at the points of the coordinate cross \5.5ty) . 

(5.70) X a = x a {t) + 0(Q), Q -> 0, a = 1, . . . , n 



(5.71) y a = Xa (t)logg-2— ^-i + o(l), x a (t) = G ab x fe (t), a = l,...,n. 

i/ere -F*(x) zs i/ie potential of the dual Frobenius manifold M*. T/ie functions X a , Yb 
are canonically conjugated w.r.t. the symplectic structure \5.6J$ : 

(5.72) {X a , Y b } = 51 {X a , X b ] = {Y a , Y b } = 0. 

The coordinates X a are determined uniquely, the coordinates Y a are determined with 
the ambiguity that can be absorbed by a redefinition of the dual potential 

F*(x) t— > F*(x) + quadratic. 

Proof Left eigenvectors of the matrix Aq are of the form 

q = 0, p = arbitrary. 

Hence for an arbitrary p° = (p®, . . . , p°) the system (J5.68)) admits a solution of the form 

M = (p°,0)+O(Q), Q^0. 

The dependence of this solution on t is to be determined from (|5.67|) . Particularly, for 
p° one obtains the equations coinciding with the system of differential equations ()2.60|) 
for the gradients of the flat coordinates of the intersection form on M. This gives 
the solutions (J5.70|) . The coefficients of the Q-expansion of the solutions are uniquely 
determined from the system (|5.b7|) . (|5.68j) : 

:= d a X a = d a x a (t) + d a V -^-dl k x a (t) 

(^) 2 

(5.73) := d a , 2 „X a = d a g -^d^x^t). 
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Let us find the second half of the solutions to (|5.67jh (|5.68p . These must have the 
form 

(5.74) (p,q) = (p°logQ + r ,q )+o(l), Q -> 0. 
Substituting in (|5.68|) we find 

(5.75) q° = P °U(li + -)~\ 

Now we plug the expansion ()5.74|) . (j5.75J) into differential equations ()5.67|) . We find, 
as before, that p° = (p^, • ■ ■ ,P„) depends on t as 

(5.76) pi = d a x(t) 

for some flat function x(t) of the intersection form on M. For the dependence of r° on 
t we obtain a system 

d a r° ■ U(t) = r°(ji - l -)C a - 2p°(t)C a (t). 
Let us look for a solution of the linear inhomogeneous system in the form 

r° = Mt)C(t), C(t) = (d 1 x i (t), d n x\t)) 
where the coefficients Ai(t) are to be determined. This gives 

d a AiCU = -2p°C a . 
Multiplying both sides by 77 _1 (£°) T we obtain 

d a AG ic = -*vYJ%. 

Applying chain rule we rewrite the last equation in the form 

dx b p ?dx b a dtn' 

Choosing in (|5.76j) x = x a (t) we obtain 

dAj dx™dt«_ M dx^_ 

dx b ZLr ^-™ dt p dx b c a dtl 

(5.77) =_2-^ 



So 



dx i dx a dx b 
, »d 2 Fjx) 



and 



dx i dx a 

T °~ ~ dx a dx i dt a 

(5.78) = - 2 A^M. 

v ; dt a dx a 

This gives the solution Y a of the form (|5.71jl ). This solution is determined uniquely up 
to adding of a linear combination of the solutions analytic at Q — 0. 
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Let us compute the Poisson brackets of the functions X, Y. Due to ()5.63|) we have, 
for two arbitary functions Wi, w 2 on M (g> QH*(CP 1 ) 

{w 1 ,w 2 } =< Plj q 2 (fi + I) > + < q 1 ,p 2 (li- -) > • 

Here 

_ dwj _ dwj _ ■ _ i 9 

\Pi)a Qfa'l" ' V^va Qf a '^" ' ^ ' ' ' ' * 

Due to independence of the brackets of the functions X a and on the point of the 
Frobenius manifold ([5.56)1 . we obtain 

{X a , X b } Q=0 = 0, {X a , Y b } =< C, GU°U >= 5 a b . 

To prove that {Y a , Y b } = we will first verify that {Y a , Y{\ = where 

dF (x) 

Y a = Y a + 2— *-Y = xa logQ + o(l). 

ox a 

We have 

{Y a ,Y b } = \ogQG ac G bd <t\t d U> + <t c U{v+\)-\t d {v-\)> 

Using symmetry of U and skew-symmetry of \x we obtain that the coefficient of log Q 
vanishes. Finally we observe that the gradient shift 

dF 

Y = Y - 2— 

a a dx- 

preserves the Poisson brackets. The Theorem is proved. □ 

We will now describe the generating function ()5.66j) of the family of Lagrangian 
manifolds L s w.r.t. the canonical coordinates X a , Y b . 

Theorem 5.17. The generating function S = S(X,Q), Q = e s , of the family of 
Lagrangian manifolds L s admits an expansion 

(5.79) S = l -G ab X a X b logQ -2F.(X) + ^S fc (X)Q fe , Q - 0. 



k>l 



The coefficients Sk(X) can be uniquely determined from the Hamilton - Jacobi equation 

(5,0) f = H 
with the Hamiltonian 

(5.81) H = —M = -G ab x a x b 
v ) 1-d 2 

and from the expansions 

(5.82) X a = x a + ij^2 d l kxa > a = l,...,n. 
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Proof The shifts along s are given by a Hamiltonian flow with the linear Hamiltonian 
coinciding with the flat coordinate on ()5.56|) conjugate to s. From (|5.64j) we find (j5.81|) 
(the expression of the Hamiltonian via the flat coordinates of the intersection form 
follows from Lemma EH)|) . Substituting the functions x a = x a (X,Q) inverse to (|5.8!2j) 
one obtains an expansion 

H = l -G ab X a X b + Y,H k {X)Q k 

k>l 

of the Hamiltonian evaluated on the Lagrangian manifold L s . 

The generating function of a family of Lagrangian manifolds L s moving along trajec- 
tories of a Hamiltonian flow is known to satisfy the Hamilton - Jacobi equation ()5.80|) 
where in the r.h.s. stands the Hamiltonian of the flow evaluated on the Lagrangian 
manifold (see, e.g., [EI])- This gives 

S = \G ah X a X h logQ + Y^H k {X)^ + S (X). 

k>l 

The integration constant Sq(X) can be determined from the expansion (|5.71jl of Y a = 
dS/dX a . The Theorem is proved. □ 



We give now an integral representation of the odd periods w{t, Q) on M^Q^^CP 1 ) 
via the even periods on M. 

Proposition 5.18. Let x(t) be a period on M \ S. Then 

(5.83) w(t,Q) = —f dX 

2vr i J a/A 2 - Q 

is an odd period on M eg) QH*{CP l ) evaluated on the coordinate cross \5.5ty) . 

Proof Using (J4.1j) . (|4.2j) and integration by parts we can easily verify that the functions 

1 rdaX^-X,?,...,^).. 1 f Xd a x(t l - X,t 2 ,..., t n ) 
Pa = , dX, q a = <p , dX 

satisfy the system ()5.(i7j) . ()5.(i8|) . The Proposition is proved. □ 



Example 1. In the simple case of one-dimensional Frobenius manifold M one 
obtains odd period mapping (t, s) i— > (X, Y) on QH*(CP 1 ). The expansion (|5.79|) 
reads 

gk 2 2k (Ak-3)\\ 



x^- 1 (k\) 2 
k>i v ' 

The potential is equal to |x 2 logx 2 . We obtain therefore the expansion of the 
generating function 

S = -x 2 \ogQ — x 2 logx 2 + ... 
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The integral ()5.83j) expresses the periods X, Y via complete elliptic integrals 

x 2 r f=* IX, y 2 [' -^ d X. 

Example 2. For the polynomial Frobenius manifold M = C n /W on the orbit space 
of a finite Coxeter group (see the end of Section 1) the derivatives dix 1 , . . . , d\x n as 
functions of x 1 , . . . , x n can be found in a pure algebraic way from the linear system 

a=l 

Iterating this procedure we obtain derivatives df k x a for any k > 1. This gives an 
algebraic algorithm of computing of the terms of the expansion ()5.79|) 

(5.84) S(X) = l -G ab X a X h log Q - l - ^ (a, X) 2 log(a, X) 2 + £ S fe (X)Q fc . 

aeA + fc>l 

Our observation is that, for the case of W = one of the Weyl groups of the ADE 
type, the expansion ()5.84|) coincides, after redefining 

Q = Aih = A 2h 

h = Coxeter number of W, and changing the notations 

X -> a, y -> a D , S -> F 

with the instanton expansion of the Seiberg - Witten prepotential of the 4-dimensional 
N = 2 supersymmetric Yang - Mills (see in ^Hl EH EH ED])- The shortest way to 
see this is to eliminate g from the systems ()5.fi7|) . ()5.f)8j1 . We will do it assuming 
semisimplicity of the Frobenius manifold under an additional assumption d ^ 3. 

Proposition 5.19. The odd periods zv(t,Q) evaluated on the coordinate cross 
satisfy the following system of differential equations 

(5.85) LieE'cu + 2d s w = — ^~ tu 

(5.86) d 2 s w = Qd\w 

(5.87) dadpm = c^ptydid^m. 

Proof The equation (J5.85|) is just a manifestation of the general quasihomogeneity of 
the odd periods (see (j3.39|) for v = ~). To derive (|5.86|) we consider the first component 
of the second equation in the system (|5.fi8j) . It can be rewritten, due to = E a in 
the form 

where we denoted 

g:=E e q e + 2Q Pl . 

Substituting this expression into the first equation we obtain, for p e = d e w 

1 4 

d a d t wUp - p a (fi - -) a t c e a p = -j—jdadpg. 
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Hence the operator U of multiplication by E is symmetric w.r.t. the bilinear form with 
the matrix 

(5.88) (d a dfsw). 

Any power of U will still be symmetric w.r.t. the same bilinear form. On a semisimple 
Frobenius manifold powers of E span the whole algebra on T M. So, the bilinear 
form ()5.88|) must be an invariant form on the Frobenius algebra. Thus it must have a 
representation 

dadpw = clpf e 



for some covector f e . Obviously 



f a = d a d x w. 



This gives equation ()5.86|) . 

To derive (J5.87|) we rewrite the first component of the equation 

L 



(see (I5.68jl ) in the form 



2Qd s p + d s qU = Qp(fi- 



2Qd sPl + d s (E*q e ) = -Q^Pi. 



From the definition of the function g it follows that E e q e = g — 2Qp%. So 

d s g = —^—Qpi. 

Differentiating this equation along t 1 and using that 

» 3-d 
dig = -^—d s zu 

we obtain ([5.87)1 . Lemma is proved. 

For the case of polynomial Frobenius manifolds on the orbit spaces of the ADE Weyl 
groups the structure constants c^Jt) are the same as in (|5.6|) for the corresponding 
ADE singularity. As it was shown in [23] the latter equations coincide with the Picard 
- Fuchs equations for the periods of Seiberg - Witten differential on the spectral curve 
(the latter does not appear in our formalism). Observe that our Hamilton - Jacobi 
equation (|5.8U|) coincides with the renormalization group equation introduced in [32J 

Taking into account that Frobenius manifolds M arise in the setting of 2D topological 
field theory, it would be interesting to figure out if there is a physical motivation for 
the tensor product M <g> Q-ff*(CP 1 ) to carry all the structures of the quantum moduli 
space (perhaps, all but positivity of the kinetic energy d 2 S / 8X l dX^) of a Af = 2 
supersymmetric 4D theory. 
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